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This article discusses adjusting inverse distance interpolation for use in unstructured mesh finite volume solutions. 
The adjustment was made on the weight function of the inverse distance interpolation using the Laplacian of the flow 
variable inside a Voronoi-dual of finite volume cells. We tested the accuracy of the adjusted inverse distance interpo-
lation on two-dimensional potential flows. It was found that the adjusted and standard inverse distance interpolations 
have a similar degree of accuracy when used in unstructured, Delaunay based, finite volume mesh. However, the L1 
norm error of the adjusted version of the inverse distance interpolation was much smaller than the L1 norm error of 
the standard version.
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INTRODUCTION

Interpolation methods are one of the key issues for ac-
curate and efficient implementation of the finite volume 
method [1,2]. Interpolation from cell centres to vertices is 
routinely done to aid the field plotting of variables. How-
ever, it is also used by some flow computation algorithms, 
for example, to facilitate the integration of variables 
around cell boundaries for evaluation of derivatives from 
Gauss’ theorem. One of the most common interpolations 
in finite volume is Inverse Distance Weighted (IDW) in-
terpolation. The scheme was firstly suggested by Shep-
pard [3] for used as an interpolation scheme of discrete 
data. This method was then adopted to the finite volume 
method by Frink [4], even by the most popular com-
mercial CFD, Fluent [5]. IDW was also used in a solu-
tion-adaptive scheme for solving partial differential equa-
tions by Shen [6]. Akima [7] used IDW interpolation for a 
surface fitting irregularly distributed data point. However, 
IDW interpolation was found to be inaccurate, especial-
ly when the sample points are distributed in the form of 
clusters [8, 9]. Gotway et al. [10] report bull-eye pattern 
error in contour plot of data interpolated using IDW. Sev-
eral methods to improve Shepard’s interpolation have 
been proposed in the literature in the past several years. 
Hooyberghs et al. [11] and Golkhatmi et al. [12] used a 
gradient of interpolation data to improve the accuracy of 
inverse distance interpolation. Ke et al. [13] used adap-
tive inverse distance weight based on clustering sample 
points.  Franke and Nielson [14] and Ohtake et al. [15] 
proposed improving accuracy by using data from nearby 
points. Liu et al. [16] improve the accuracy of inverse dis-
tance interpolation used in three-dimensional geological 
modelling. The improvement was made by using spatial 
differentiation of geological attribute data. Modification 
of inverse distance interpolation for use in finite volume 
solutions reported by Henderson and Pena [17]. They 
developed a simplified version of inverse distance inter-
polation for finite volume solution of the advection flow.

So far, the improvements have not been adequate for 
use in finite volume schemes because it based on scat-
tered data assumptions, which is not entirely suitable 
for finite volume cases that deal with distributed data. In 
this study, We improve the accuracy of IDW interpolation 
used in finite volume solution of transport equation by 
adjusting the weight function of the interpolation based 
on the Laplacian of the flow variable inside a Voronoi-du-
al of the finite volume cells. The adjusted interpolation 
scheme was tested on a two-dimensional potential flow 
around an isolated cylinder in a uniform stream and the 
flow around Joukowsky aerofoil.

INVERSE DISTANCE WEIGHTED INTERPOLATION

Inverse distance interpolation is basically global in that 
they use all data points in the domain to calculate each 
interpolation value. These schemes assume that the 
interpolated value should be influenced more by near 
points and less by the more distant points. The interpo-
lation value at each interpolation point is a weighted av-
erage of the values at the scattered surrounding points. 
The weight assigned to each scatter point diminishes as 
the distance from the interpolation point increases. The 
IDW interpolation formula for interpolation of variable   at 
vertex v from surrounding cell centre i in finite volume 
mesh, as shown in Fig. 1, may be written as:
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m represent the number of cell centre surrounding the 
vertex v. li is the Euclidean distance between cell centre 
i and vertex v
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Figure 1: Control volume and Voronoi-dual cell around 
a cell vertex

Eq. (1) shows that as vertex v approaches cell i , φv   tends 
to the value of φi and φv  will be bounded above by max 
φi and below by min φi. Shepard [3] determined the expo-
nent k in Eq. (1) from consideration of the differentiability 
of the interpolated field with respect to x and y axis. No 
derivatives exist for k < 1, whilst values of k > 2 tended to 
make the interpolated   surface relatively flat around data 
points. Empirically then, Shepard chose k=2. Some stud-
ies to select the value of k resulted in the conclusion that 
the value of k = 2 is the best for most cases [18]. Frink [4] 
used this type of interpolation with an unstructured mesh 
code for calculation of potential flow around an aerofoil 
where only data at cell centre points immediately sur-
rounding a vertex were used in the procedure. Frink [4] 
found that k=1 gives the most accurate result.

IMPROVED INVERSE DISTANCE INTERPOLATION 

Because the inverse distance interpolations are only sen-
sitive to the distance between the data and interpolation 
points, these basic schemes are really only adequate for 
truly discrete scattered data. In fluid dynamics and heat 
transfer calculations, the data is not truly discrete where 
the cell centre data, used in the interpolation, are come 
from averaging of distributed data inside the cell. Con-
sider a vertex v located at the centre of a Voronoi-dual, 
as shown in Fig. 1. Laplacian of   at the vertex can be 
derived from Gauss transformation of the φ in the Voro-
noi-dual.

2 1  
S

n dSϕ ϕ∇ = ∇ ⋅
Ω ∫

 (2)

Ω and S are the volume and surface area of the Voro-
noi-dual, respectively. n is a unit vector in the direction 
normal to the surface. In the case of the two-dimensional 
cell, Ω and S are the area and face length of the Vo-
ronoi-dual. If φ is considered to be linearly distributed 
inside the Voronoi-dual cell,   2φ  is equal to zero. While,   

nϕ∇ ⋅
 can be estimated as                       where φi and

φv  are φ a cell centre i and vertex v, respectively; li  is an 
Euclidean distance between vertex v and cell centre i. 
Eq. (2) can then be rearranged for φv. 
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In the two dimensional case, SI is the face length of Voro-
noi-dual cell perpendicular to the line connecting vertex v 
and cell i. m represents the number of cell centre around 
vertex v.  φv  calculated using Eq. 3 is second order-accu-
rate as it was derived with the assumption of zero Lapla-
cian. It is possible to determine SI using the coordinates 
of vertex v and the coordinates of cell centres surround-
ing the vertex. However, implementing this exact solution 
in a computer program is not efficient because it need 
to find a determinant matrix in most cases of severe 
randomised unstructured mesh is indeterminate. In this 
work, SI was determined through a geometric approach. 
If the finite volume cell are isosceles triangles, as pre-
sented in Fig. 2, the face length of the finite volume cell 
i can be written as                   , with Ai is area of ith cell. 
The face length of the Voronoi-dual cell, SI , can be found 
easily from triangles abc and dec as in Eq. 4.

4i iL A=

2
3i iS A= (4)

Figure 2: Isosceles-triangle cell

Substitute the SI to Eq. (3), yield the equation for im-
proved inverse distance interpolation. 
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TEST CASE

Two two-dimensional potential flows were used as bench-
marks. The first was a flow around an isolated cylinder in 
a uniform stream. The hydrodynamics solution of the flow 
is based on a doublet, the superimposed source and sink 
of equal strength, can be found in the textbook of White 
[19]. To investigate the effect of cell size on the accuracy, 
mesh refinement was made using three different num-
bers of cells; 1363, 11976 and 131898. The calculation 
domain and the mesh are shown in Fig. 3. The second 
hydrodynamics test case was a flow around a symmetri-
cal Joukowsky aerofoil. This flow was derived from flow 
around a cylinder by a series of conformal transforma-
tions where lift on the cylinder was modelled by imposing 
circulation on the circle plane flow, the value being de-
termined by the satisfaction of the Kutta condition in the 
aerofoil plane. Conformal mapping solutions for this type 
of flow may be found in the textbooks of Milne-Thomson 
[20], Vallentine [21] and Glauert [22]. Fig. 4 shows the 
calculation domain and mesh of the Joukowsky aerofoil. 
Following the procedure used by Syrakos [23] and Tasri 
[24], the accuracy test of the adjusted inverse distance 
weighted interpolations were carried out by interpolating 
the exact value of x-component of velocity from cell cen-
tres to cell vertices. The interpolated and exact values at 
the vertices were then used to calculate the L1 norm of 
errors.

Figure 3: Calculation domain and mesh of flow pass 
circular cylinder

Figure 4: Calculation domain and mesh of flow pass 
Joukowsky aerofoil 

The L1 norm error of interpolation of field variable φ from 
cell centres to vertices using standard and improved IDW 
interpolation for flow pass circular cylinder and Joukows-
ky aerofoil are shown in Fig. 5 and Fig. 6,  respectively. In 
the flow pass circular cylinder, both interpolations have 
accuracy slightly higher than first order. Whereas, in the 
flow, through the Joukowsky aerofoil, the both interpola-
tions, were only first-order accurate. This condition can 
be explained by writing φ at the cell centre ith in term of 
the exact value of φ at vertex v using  Taylor series ex-
pansion.

( )2
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where     is exact value of φ at vertex v. Substitute φi in 
Equation (5) with Equation (6) result
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Reorder Equation (7) for the interpolation error, yield
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The term              is the interpolation error. Eq. 8 shows 
that the interpolation will be second-order if the first term 
of the right-hand side vanishes. This condition holds if 
the conditions in Eq. 9 are satisfied
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Eq. 9 can be satisfied if the cell centres are evenly dis-
tributed around the interpolation point. If these conditions 
are not met, the interpolation will only be accurate to first 
order. The figures also show that compared to standard 
IDW the adjusted inverse distance interpolation seems 
to be able to reduce errors significantly even though the 
degree of accuracy remains the same. The increase in 
interpolation accuracy is significant in finite volume solu-
tions [25, 26]. A high interpolation accuracy provides 
better mass and momentum conservation at each iter-
ation step so that the rate of convergence and accuracy 
is increased. Nevertheless, the cell area-weighted in-
verse distance is also valuable for accurately plotting the 
results of numerical calculations in the form of contour 
plots and XY plots.
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Figure 5: L1 error of Interpolation to vertices in flow 
pass circular cylinder. (a) Adjusted inverse distance 

interpolation (b) Standard inverse distance interpolation

Figure 6: L1 error of Interpolation to vertices in the flow 
pass Joukowsky aerofoil. (a)  Adjusted inverse distance 
interpolation (b) Standard inverse distance interpolation

CONCLUSION

A simple improvement to inverse distance interpolation 
was carried out in this work. It was found that:
1. The standard and adjusted inverse distance inter-

polations have the first-order accuracy on Delaunay
unstructured finite volume meshes.

2. Compared to the standard inverse distance interpo-
lation, the adjusted version of the interpolation has a
lower L1 norm error.
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