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The system of two parking lots is researched: paid and free. The task of the city authorities is to determine part of the 
land for parking agency. The agency selects the best parking fee, and travelers determine which parking to choose. 
The goals of each participant are different: passengers attempt to minimize the loss of time and parking fees, the 
agency maximizes profits, and the city thinks about the public good (in this case, about all travelers). The mutual 
dependence of participants leads to the need to apply game theory to describe their interaction. The mathematical 
model defines restrictions on the parameters for existence Nash equilibrium. The numerical example that does not 
contradict the existing picture of the world is considered.
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INTRODUCTION

The goal of many studies is to find models of sustainable 
urban development, in particular, models of sustainable 
traveler mobility.The main problem for a traveler is the 
choosing right strategy. The four-step urban planning 
process is comprised of the following [1]: trip generation, 
trip distribution , mode split, and traffic assignment. The 
main problem for a traveler also consists of similar steps. 
Therefore for the sustainable development government 
must reduce mobility, relieve the CBD, and decrease car 
traffic [2, 3].
The traveler decisions at each stage are based on many 
factors. The most important problem for car user is the 
parking. The first question of the traveler: is parking 
spaces enough for free parking? The answer is negative 
in most big cities. The article [4] shows a sharp increas-
ing in the cost of each additional parking space, so it 
is impossible to meet all the needs of travelers, espe-
cially in the CBD. Therefore the second question arises: 
what should be the cost of parking? The answer to these 
questions is provided by the parking policy, which is one 
of the main tools for travel demand management as a 
whole. At the same time, the answer to the first question 
lies in the field of land use, and the second in the field of 
transport systems. Such different fields of research are 
difficult to integrate into the overall model, since they use 
too different tools and indicators [5], but combination of 
the fields can significantly improve the efficiency of urban 
transportation systems.
One of the most effective ways to optimize the urban 
transport system is road pricing and parking pricing [6, 
7]. But researchers have to describe the impact of the 
proposed solutions on travelers’ behavior.

Users’ decision making

More than half of the travelers prefer free on-street park-
ing [8], so the violations control is required.
Most of the time [9] the car is parked at home 51%, at 
the employer 20%, on-street 3%, illegally 9%, off-street 
9%. Other work [8] shows a different ratio: 80% at home, 
16% elsewhere, and only 4 % of all time car is used. At 
the same time [10] the average parking time differs sig-
nificantly depending the purpose of the trip: 8 hours at 
work, 1.5 hours shopping.
The traveler decision-making process has a hierarchical 
structure considering different factors [11]. At the same 
time, [12] it should be taken into account not only the ra-
tional behavior, but also the psychological characteristics 
of travelers on parking choice.
Mathematical models of travel behavior are quite com-
plex, but some authors try to consider the issue compre-
hensively on the transport network, taking into account 
the travel route and parking choice simultaneously [6, 13].
For most authors the traveler has two alternatives: cruis-
ing for search of cheap (or free) parking or choose to pay 
[14-16]. The first alternative is usually on-street parking 
along the road, and the second option is off-street. It is 
noted that on-street parking has many disadvantages 
[17]: pollution, traffic jams, security, corruption, interfer-
ence with pedestrians.
Most of authors consider the logit model [18-20] for a 
parking choice.
There is considered special cases of parking choice. The 
parking at the airport terminal and beyond [21] depends 
on the critical traveler time. The choice between two re-
tailers significantly depends on the parking rates [22].
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The research of different classes of users and parking 
spaces [11, 23] allows to examine more detailed various 
travelers and parking agencies behavior.

Parking agencies

Parking efficiency is determined by the percentage of 
places that are occupied. It is recommended [24] to find 
charges amount to achieve 85% parking occupancy. 
However, it is necessary to take into account the so-
cio-economic situation [24] and the weak linear relation-
ship between travelers’ incomes and parking charges, 
which will help to determine the optimal parking size and 
its commercial prospects.
The relationship between business and government 
mainly consists of price restrictions, taxes and subsidies 
[25]. The parking taxes in the United States goes to the 
budget [26] and there lies between 6% and 31% of park-
ing agencies revenue.

Parking policy

Three parking policy phases is suggested [27]:
phase one: the rise of parking regulation (free parking, 
applied when land is enough);
phase two: the advent of pricing parking;
phase three: parking policy as integral part of TDM strat-
egies.
More effective parking spaces type [28] depends on the 
distance from the CBD. In the center it is underground 
and multi-level parking, the further away from the center 
it is the lower rate and more attractive ground parking.
The game theory is widely applied to parking manage-
ment models. The simplest models are the competition 
between individual travelers [29-31]. In this model travel-
ers choose optimal start time of the trip and parking lots. 
In [15, 32] the choice between private and public parking 
is researched.
In particular, the models of interaction between individu-
al (atomic) travelers and the government [18, 29] is ob-
tained, as well as between travelers as whole (continu-
um flow) and government are considered.
The competition between two parking agencies at the 
CBD [25] is considered, various game theoretic models 
are studied, including unregulated and regulated mar-
kets. The paper [33] considers the parking agencies 
price competition model as a non-cooperative two-stage 
following the leader model.
The competition between two parking agencies at the 
CBD [25] is considered, various game theoretic models 
are studied, including unregulated and regulated mar-
kets. The paper [33] considers the parking agencies 
price competition model as a non-cooperative two-stage 
following the leader model.
The paper [34] discusses various options of parking 
management: monopoly, oligopoly competition, and so-
cial optimum. A two-stage optimization model includes 

route and parking lots choice. The main conclusion of the 
paper is: the parking-and-ride (P & R) facility is unprofit-
able and should be subsidized in each market type. The 
government [35] does not need to regulate the rates for 
all private parking agencies it is enough to regulate only 
on-street parking rates. Travelers and private parking 
agencies react on government's policies, which will allow 
to achieving the greatest public good.

Information technology

The using of information technologies [36] allows to sig-
nificantly reducing the parking lot search time by an or-
der more when parking filling from 96 to 99%. In [37] the 
information model allows to simulate the dynamic pro-
cess includes random behavior of each traveler, which 
provides practical tools for the improving parking policy. 
Information systems for paid parking reservation help to 
avoid cruising [38].

MATHEMATICAL STATEMENT OF THE PROBLEM

Let's consider some destination for travelers object, such 
as an airport, retail, university, business center, etc. The 
model consists of free and paid parking zones. At the 
same time, free parking is located much further from the 
object than paid one. The total number of parking lots is 
assumed to be limited.
The main constant parameters of the model are
V - total number of free and paid parking lots;
D1 - paid parking costs per parking lot (parking agency 
expenses);
D - urban losses calculated for one free parking lot.
λ - the intensity of car flow to the object,
γ - the average value of time;
t0

0 - minimum search time in free parking,
t1

0 - minimum search time in paid parking (includes pay-
ment processing),
t0

w - walking time from free parking to the destination ob-
jectand back,
t1

w - walking time from paid parking to destination object 
and back.
The variables are:
V0 - number of free parking lots,
V1=V-V0 - number of paid parking lots,
Cp - travel parking fee,
p - the probability of paid parking choice.

Parking time

The parking search time depends on the parking capac-
ity and occupancy. In fact, parking process looks like a 
queuing service with the flow of customers (cars) and 
service time (parking). Therefore, the queuing theory is 
best suited for describing parking service [7]. For a set 
of parking zones, this is already a queuing network [39].
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However, the formulas for calculating the characteristics 
of multi-channel queuing systems (even Markov ones) 
are complicated, so parking times are usually described 
by the standard Bureau of Public Roads (BPR) model [6, 
13, 40].
However, sometimes special models [41] which based 
on the parking search cruising are used.
All the ahead mentioned models show the average park-
ing search time, and the time distribution satisfies the 
normal [23] law. In this paper, the BPR model is used for 
average parking search time too.
The average search time for a free parking space can be 
calculated using the formula

( ) α
p λ -p

t = t +β
V

 
⋅ 
 

0

0
0 0 0

0

1 (1)

where α0, β0 - calibration parameters.
Similarly, the average search time for a paid parking 
space can be calculated by the formula

α
p λpt = t +β

V-V
 ⋅ 
 

1
0

1 1 1
0

where α1, β1 - calibration parameters.

The travelers’ objective function

Travelers' expenses must correspond to saving time and 
money. The travelers are not homogeneous, so the val-
ue of time is distributed by exponential law [42]. There-
fore objective function can be set by the formula
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Taking into account (1) and (2), it is transformed to:
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From (7) follows
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It is natural to assume that t0
p≥t1

p,t0
w≥t1

w, therefore, for 
any positive parameter values, the function G(p) is con-
vex downwards.

( )
p

p pw w
C-

γ t +t -t -tp = e 0 10 1

The objective function of paid parking

Solution of (5) is the probability of paid Parking choice

( )
p

p pw w
C

γ t +t -t -tp pH(C ) = λpC e -DV max
−

⋅ →0 10 1
1 1

(7)

The objective function of parking agency (maximum prof-
it) can be expressed as difference between income and 
expenses

( )
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The first derivative of the function H(Cp) is equal to
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The maximum of the function is reached when the deriv-
ative is equal to zero

( )p p w p wC = γ t +t -t -t0 0 1 1
(8)

Therefor optimal parking fee is
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The second derivative of the objective function is equal to

That is, the target function is convex up at

Socio-economic objective function of parking lots

The objective function for free Parking from a socio-eco-
nomic point of view is the sum of the traveler’s time lost 
and the cost of Parking.

Using (1) the next formula is constructed

The same result is obtained for paid parking:
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Figure 1: The influence of VOT on search time

Total objective function is:

At the same time, the variables t0
p and t1

p are not inde-
pendent, they are related to each other by the relations 
arising from (1) and (2):

After replacing one variable the derivative of objective 
function is obtained

The sufficient condition on parameters for convexity 
downwards the function F is obtained after some trans-
formations

Nash equilibrium

In this problem statement, it is sufficient to find the val-
ues of the unknowns Cp, p, V0 as the coordinates of the 
Nash equilibrium point. To do this, it is enough to solve 
the system.

under conditions (1) and (2).

If the solution of the system meets the conditions (*) and 
(25), it will be the solution of the problem.
Unknowns t0

p t1
p can be found after solving the system 

using formulas (2) and (1).
The system has a solution due to the corresponding con-
vexity of the objective functions.
The system consists of conditions (4), (8), and a condi-
tion equal to zero (24). Excluding the unknown Cp from 
the system, the last system is constructed.

RESULTS

Let's consider a numerical example with the following pa-
rameters: α0=5, α1=1, β0=β1=0.03, λ=1000, D=5, D1=15, 
V=1000, t0

0=0.2, t0
w=0.1, t1

0=0.02, t1
w=0.02.

There is noted the difference between the BPR model 
parameters for paid and free parking. The increasing 
in the number of filled lots makes the traveler cruising 
around the on-street parking lots, so the degree is equal 
to α0=5. For paid parking, the free space can be shown 
by information systems or parking attendant, so the dis-
tance to the nearest parking lot will slowly increase when 
the parking lot is filling (α1=1).
The sensitivity of parking time for the proposed mathe-
matical model is researched. First of all, let's consider 
the influence of the value of time (VOT).
It is obvious that the increasing in the VOT (Fig. 1) leads 
to increasing the probability of paid parking using, which 
in turn increases the efficiency of the agency. Therefore, 
if standard of living is increasing then free parking needs 
more time and paid parking less one.
The increase in the intensity of travelers' flow (Fig. 2) 
may be associated with the growth of the city's popu-
lation or with the increasing in the level of motorization, 
which is typical for developing countries. This leads to 
decreasing in the number of available parking lots, which 
increases parking time. The increasing percentage is the 
same, but the benefit from paid parking increases from 
9 to 15 minutes.
The parking spaces increasing (Fig. 3) is not always pos-
sible, but it provides significant parking time savings for 
travelers. However, most cities are experiencing the re-
verse process of reducing the number of parking spaces.

Search time, min
free parking (up)
paid parking (down)

value of time γ

( ) ( )( ) ( )
-p α

p p p w p w t -t
F t ,t =λγ plnp-p t +t -t -t +Dλ -p +

β
 
 
 

0

1
0

0 0
0 1 0 0 1 1

0

1

-p α
pt -t+D λp +λpC
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1
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Figure 2: The influence of car flow intensity on search 
time

Figure 3: The influence of number of parking lots on 
search time

Search time, min
free parking (up)
paid parking (down)

Search time, min
free parking (up)
paid parking (down)

car flow intensity λ

number of parking lots V

CONCLUSION

The proposed mathematical model explores a system of 
two parking lots types: paid and free. The parking time 
is set using the BPR function, which depends on the ca-
pacity of the parking space. At the same time, free park-
ing is located much further from the object than paid one.
Travelers' expenses must correspond to saving time and 
money. The travelers are not homogeneous, so the val-
ue of time is distributed by exponential law. The traveler 

objective function consists of weighed loss of time when 
using free parking, loss of money and time when using 
paid parking. The traveler strategy is the probability of 
paid parking choice.
The parking agency objective function is the maximum 
profit. The agency strategy is the travel parking fee. The 
city authorities objective function is the sum of the trav-
eler’s time lost and the cost of parking. The authorities 
strategy is the search time for free parking lots, which 
depends of number of free parking lots.
The task of the city authorities is to determine the part of 
the lots for the parking of the agency. The agency choos-
es the optimal parking fee, and travelers decide which 
parking to choose. The goals and strategies of each 
participant are different. Therefore, to solve conflicts of 
interest, a game-theoretic mathematical model has been 
constructed. The existence of the Nash equilibrium is 
proved for this model.
A numerical example shows how the parameters of the 
transport process affect to the time for paid and free 
parking. In particular, the increasing of VOT leads to de-
creasing in the time of paid parking and an increasing 
time for free parking, i.e. city authorities policy encourag-
es the use of paid parking.
It is impossible to reduce parking time when traffic flow 
is increasing. However, the time difference between the 
two types of parking is increasing.
The increasing in the number of parking lots leads to 
decreasing in parking time, especially for free parking. 
However, the opposite process is often observed. There-
fore, when parking spaces is decreasing, it becomes  
disadvantageously to use free parking.
The considered numerical example doesn’t conflict with 
the whole scheme of things. Therefor, the proposed 
mathematical model will develop. Several areas for fu-
ture research are suggested below:
increase the number of parking agencies;
increase the number of travelers' flows;
accounting the travel mode and rout choice;
scaling up to the level of many districts of the city;
integration with public transport.
The research will eventually allow to finding an optimal 
strategy for the development of the city's transport sys-
tem as a whole, in order to make the city's life sustain-
able and socially-oriented.
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