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The article is devoted to the solving of increasing of the effectiveness of training in adaptive training complexes 
due to individualization of learning process, adaptation for psychological, physical, physiological, anthropometrical 
and intellectual features of each person. The questions of modeling of learning process in training systems and its 
study, formalization and software realization are considered. The task of learning process organization in adaptive 
training complexes (ATC) by optimal way in accordance with selected criteria is stated on the base of developed 
mathematical model considering the individual features of learners. Using the available approaches to modeling 
of learning process, we adjusted the psychological, intellectual, physical, physiological and anthropometric met-
rics concepts, the complexity of the problem is solved. The described statement of a problem of learning process 
organization, criteria of optimization and mathematical model allow choosing the most suitable forms of studying, 
methodic, software and hardware tools for learning process on the stage of learning techniques design. The ob-
tained scientifi c results can be used both at the stage of learning systems design and at the stages of their func-
tioning for the aims of effi ciency of education improvement and it’s adaptation for the individual features if learners. 
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INTRODUCTION

The contemporary education aims at the individualization 
of the educational process, adaptation to psychological, 
physical, physiological, anthropometric and intellectual 
characteristics of each person in order to improve the 
effectiveness of the learning process. New methods and 
forms of learning, both within the framework of profes-
sional education and continuous training of professionals 
throughout the entire working life, are offered [1-3].
One of the most important training tools are training sys-
tems that make it possible to acquire with high effi ciency 
the necessary theoretical knowledge and practical skills, 
as well as accelerate the process of developing profes-
sional and universal competences through the use of 
modern information technologies and visualization tools. 
In this regard, the adaptive training complexes (ATC) are 
of particular interest. They include not only software, but 
also hardware, which can tailor the learning process to 
specifi c physical characteristics of an individual. In addi-
tion, ATC includes the necessary tools to customize the 
training course to fi ll in the gaps in the learners’ knowl-
edge or change the complexity of the assignments.
The use of ATC in training and attestation of personnel in 
manufacturing, transport, medicine and other industries 
has already shown its effectiveness. However, many as-
pects in this fi eld require analysis and formalization since 
many simulators are designed without a systematic study 
of the theoretical basis. In this article, we will consider 
the question of modeling of the learning process in ATC, 
pursuing the main goal of the effectiveness improvement 
of training using ATC software and hardware. The study 
and formalization of this process will enable the simplifi -
cation of the software implementation in ATC and learn-

ing process organization in the most appropriate way to 
meet the chosen criterion.

METHODS

First, we look at the basic methods and approaches to 
modeling of the learning process in virtual simulators. 
The use of ATC does not radically change the entire 
learning process, but adds some signifi cant features to it.
The problem of engineers’ training applying modern in-
formation technologies was studied in detail in [4]. The 
authors’ approach to the assessment of learner’s skills, 
as well as the systematized psychological metrics plays 
a big role in modeling of the learning process. This ap-
proach works well with ATC and makes it possible to 
match the psychophysiological characteristics of the 
trainee and a set of assignments in the learning course, 
as well as manage the complexity of the assignments.
In [5], the mathematical model of training was considered 
from the perspective of the main stages of training, the 
processes taking place in them and a set of rules used 
for the design of learning materials, assessment and the 
learning process itself. In terms of ATC, this approach 
is also quite reasonable because it makes it possible to 
identify the main stages of the learning process, to apply 
a set of rules to the development of assignments, and to 
customize them to the learners’ individual needs within 
ATC operation.
Another example of learning modeling is the context 
model presented in [6] and obtained on the basis of an-
alyzing knowledge sources and determining the depen-
dence of the growth of the level of competencies from 
the source of knowledge. 
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The approach, outlined in the article, assumes that a per-
son’s competences are inseparable from his productivity 
in the workplace; therefore, diagnostics of workers and 
professional qualities can directly affect the process and 
content of training.
Modern theories, concepts, models and examples of 
training using the latest technologies were described in 
[7-11]. The authors presented various options for struc-
tural and information models of the learning process, 
studied the main components, but a strict mathematical 
model was not obtained, because pedagogy is not pri-
marily concerned with this.
Within the development of virtual simulators [12-14], the 
focus is on modeling of the visualization processes or 
technical system used in the simulator. The process of 
learning is evaluated by the data on the learners’ prog-
ress measured before and after training on the simula-
tors. Such an approach can be considered as simplifi ed 
assessment. In addition, this approach does not allow 
implementing adaptive functions of the simulator in terms 
of knowledge acquisition, level of personal development, 
considering the individual characteristics.
Thus, we see that there are a suffi cient number of ap-
proaches to mathematical modelling of learning process, 
however, within ATC this issue is not suffi ciently devel-
oped, and the presented mathematical models do not 
consider an integrated approach to the learning process 
using modern information systems and technologies, 
but affect certain aspects. On the other hand, in the fi eld 
of modelling of training complexes, the main attention 
is paid directly to the structure of the simulator and the 
principles of its functioning, while the learning process 
itself is formalized rather weakly. However, as mentioned 
above, without a clear formalization of the learning pro-
cess it is impossible to build it correctly in terms of de-
veloping the necessary competencies and optimizing the 
time and effectiveness of training. Therefore, the actual 
problem is the development of a mathematical model of 
the learning process that takes into account individual 
(i.e., physical, physiological, psychological, intellectual 
and anthropometric) features of a person, his interaction 
with ATC, adaptation of the complexity of the tasks per-
formed, which we consider in this article.
We will begin the mathematical modelling of the learn-
ing process with its analysis, the separation of input and 
output data, and consideration of various constraints and 
control actions.
The main object of the learning process is a set of indi-
vidual parameters of the trainee, representing a complex 
of psychological, physical, physiological, anthropometric 
and intellectual characteristics of an individual to be tak-
en into account when organizing training, especially ATC. 
The evaluation of these characteristics with the help of a 
number of metrics allows customizing both the simulator 
itself and the list of assignments to be performed by the 
trainee. For example, from the perspective of physical 
parameters, it can be noted that training of a person with 

disabilities (problems with sight, hearing, coordination, 
etc.) requires a varying of exercises depending on phys-
ical characteristics, excluding or adding the necessary 
hardware to enable trainees with physical disabilities to 
acquire the necessary competences. From the perspec-
tive of psychological parameters of an individual, the as-
sessment of personal qualities and intellectual abilities 
can be used for the selection of assignments to ensure 
the effectiveness of training [15-17].
The learning process itself can be divided into three main 
stages:
- preparation (implementation) of the learning process, 
including the development of virtual simulators, design 
of learning materials, formulation of assignments, etc.;
- implementation of the learning process in ATC so that 
the trainees can acquire the necessary competences;
- verifi cation and analysis of the learning outcomes, 
drawing conclusions about the level of acquisition of 
competences and overall learning effectiveness.
The competences, developed in the course of the train-
ing, directly affect the personality of the trainee, each 
iteration of the training course allows moving on to in-
creasingly complex assignments, automate their imple-
mentation, which in the future will ensure the effective 
work of trainees in both regular and emergency modes 
of operation [16].
The effectiveness of the learning process is infl uenced 
by the applied training system, i.e. a set of software and 
hardware, on the basis of which the structural-parametric 
synthesis of ATC is carried out. On the other hand, the 
speed of mastering the curriculum depends on the train-
ee’s individual characteristics, which cannot be modifi ed, 
but which can gradually change during the learning pro-
cess.

RESULTS

The learning process can be represented in the form of a 
structural diagram (Fig. 1).
The diagram shows the cyclical learning process as a 
single performance of a set of assignments cannot lead 
to a suffi cient level of mastering the necessary compe-
tences. Each iteration will take into account both the 
success of the assignments performed in the previous 
cycle, and personal development of an individual during 
the training. Using this approach to the organization of 
training in ATC, we can achieve signifi cant results in both 
the speed of learning and its effectiveness.
It is necessary to develop a mathematical model describ-
ing the process of training in order to solve the problem 
of developing an effective methodology of training, en-
suring the development of the necessary competences 
in the given amount considering the economic, legal, and 
time constraints, as well as individual characteristics of 
a trainee.
In general, the mathematical model of the learning pro-
cess can be represented as follows:
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Figure 1: Structural diagram of the learning process

MTR (P,TR) = PK
The model of the learning process includes 2 input pa-
rameters - trainees  P and training system  TR used to 
obtain the result (a set of necessary competences PK). 
Let us consider each component separately.
So, a set of all users P is follows:
P = {Pj}
where each user has the following set of parameters:
pj -  (PCj, PMj, PKj)
where PCj – set of individual parameters of a trainee;
PMj – model of the user's activity that can be represent-
ed by a set of ordered pairs of production rules PRj and 
actions PAj performed by the user if the rule is executed:
PMj  = {(prjk, pajk)},
prjk ϵ PRj, pajk ϵ PAj

{ }j jkPK pk – set of competences acquired by the user  
.
Set of individual parameters of the trainee, as mentioned 
above, represents a set of psychological PSj, intellectual 
PIj, physical PHj, physiological PLj and anthropometrical 
PAMj parameters:

.j j j j j jPC PS PI PH PL PAM    
The elements of a set of psychological characteristics of 
an individual   can be included the following parameters 
[4]: the level of satisfaction from the process and result 
of work; the level of satisfaction from material benefi ts or 
moral encouragement; the level of introversion/extraver-
sion of an individual; the level of emotional stability of an 
individual and others. The listed parameters take values 
from 0 to 1, depending on the degree of manifestation of 
this characteristic in the individual’s character.

(1)

(2)

(3)

(4)

The intellectual parameters PIj = {pijl} of an individual 
include such characteristics as the level of stochastic-
ity, determinism, logic and imagination in human intel-
ligence; the amount of working memory; the ability to 
forecast, etc.
The physical characteristics PHj = {phjl} of an individu-
al include speed, strength, reaction speed, endurance, 
attention, stress resistance, acuity of sight and hearing, 
etc.
The physiological characteristics PLj = {pljl} of an individ-
ual include pulse, the frequency and rhythm of breathing, 
the volume of sweat and salivation, pressure and others.
Anthropometric characteristics PAMj = {pamjl} of an in-
dividual include height, weight, head coverage, limb 
length, chest volume, distance between eyes, etc.
The evaluation of the effectiveness of trainee’s perfor-
mance can be performed by applying a set of parameters 
- competence metrics. Each competence corresponds to 
a set of values of the selected metrics that determine the 
level of competence acquisition.
The higher is the level, the more complex assignments 
the learner is able to solve. As an example of such met-
rics, a fi ve-dimensional qualimetric competence scale 
(QCS) is used, for example, to assess the quality of 
training of engineers [4]. We adapt it to the considered 
mathematical model as follows:

: ( , , , , ),P P P P P
jk jk jk jk jk jkLP pk a b c pol chl

 where LP - function that aligns each competence pkjk of 
the trainee  pj with the level of its development in QCS;

P
jka A - level of development of formalization abilities 

by competence pkjk (ability to detect and formalize the 
problem);
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P
jkb B   - level of development of constructive abilities 

by competence  pkjk (ability to construct the necessary 
solution to the problem);

P
jkc C  - level of development of executive abilities by 

competence  pkjk (ability to implement a solution);
P
jkpol POL  - completeness of knowledge of trainee 

within the competence pkjk  (set of facts used in the pro-
cess of problem solving); 

P
jkchl CHL  - integrity of the knowledge of trainee within 

the competence pkjk  (set of links and patterns between 
facts);
A, B, C - set of all formalization, constructive and execu-
tive abilities that correspond to the stages of recognition 
of the problem, the search for its solution and its realiza-
tion. The values of the elements of sets can be arranged 
normalized (from 0 to 1) or, for example, in specifi c val-
ues of the amount of work performed by the trainee for 
some time (assignments/ hour).
POL, CHL - set of values of the completeness and integ-
rity of knowledge, given in percentage to the total volume 
of theoretical and practical knowledge. 
We note that the   parameters characterize the trainee’s 
practical skills in solving the problems, and POL, CHL  
constitute a theoretical basis. We show the level of de-
velopment   of the trainee within the competence using 
QCS:
The dash line defi nes the area of competence acqui-
sition; the wider this area is, the greater the range of 
assignments of varying complexity a trainee can solve 
within the framework of this competence. It is desirable 
for the area to develop evenly across all fi ve scales to 
exclude the possibility of producing a "pure" theorist or 
practitioner.
Thus, we come to the defi nition of the complexity of the 
problems solved in the learning process. Within the over-
all learning process, each assignment zm ϵ Z has its level 
of complexity:

: { , , , , | 1.. }Z Z Z Z Z Z
mk mk mk mk mk mDIFF z a b c pol chl k K , 

where

Figure 2: Scale for determining the level of development  
LP(pj) of human abilities

, , , ,Z Z Z Z Z
mk mk mk mk mka b c pol chl - specifi ed levels of complexi-

ty of the assignment by the relevant scales within the 
competence pkjk: formalization, constructive and exec-
utive abilities, completeness and integrity of knowledge. 
Thus, the complexity of the assignment is determined 
by the complexity of formalization, construction and ex-
ecution of the solution, as well as the requirements for 
the completeness and integrity of knowledge for all the 

necessary k -m ( 1.. Z
mk K ) competences. Then the user 

can successfully solve the task under the following con-
ditions:

{ , , ,

, | 1.. }.

Z P Z P Z P
m jk m jk m jk

Z P Z P Z
m jk m jk m

a a b b c c

pol pol chl chl k K

  

  

The possibility of a successful solution of the problem 
can be represented in the graphical form for one of the 
competences pkjk as follows:
Thus, by covering the necessary area for solving the 
problem (the thick line in the fi gure) with a fi eld of knowl-
edge of a person’s competence (dash line), the problem 
can be solved. Otherwise, it is necessary to increase the 
insuffi cient indicators to the required level with the help 
of various kinds of training tasks, theoretical training, or 
their combination, which allows achieving the required 
level of competence in the fastest way.
Considering the complexity of the tasks, it is impossible 
not to touch upon such a thing as a development zone 
[5], which allows evaluating the range of tasks that the 
learner is able to solve at the current level of abilities. 
Tasks of increased complexity, located outside this zone, 
allow you to transfer a person from a comfortable state 
to a stressful situation, activating all of his resources. We 

(7)

(8)

Figure 3: An example of the correlation between the 
trainee’s level of development and complexity of 

assignment  

use the following ratio to determine the zone of develop-
ment:

{( , , )},j m m mvd z tz rz

where vdj  - development zone of an individual pj , which 
assigns to each trainee information about previously per-
formed tasks zm , time of their fulfi lment tZm  and evalua-
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tion of the solution correctness rZm.
Thus, we can say that the trainee pj  with the develop-
ment zone vdj can successfully solve the assignment   
with a given complexity DIFF(zm)  if previously he solved 
successfully the problems with a complexity equal to or 
greater than DIFF(zm). If DIFF(zm) exceeds the devel-
opment zone vdj , then the probability of solution is sig-
nifi cantly reduced, but if the assignment is successfully 
completed, it confi rms the signifi cant growth of profes-
sional and universal competences.
Next, we consider the formalized representation of the 
learning system within the mathematical model:

C INF RES AD MTR = (TR , TR , TR , TR , TR ),
where TRC – set of training courses;
TRINF – set of reference and learning materials;
TRRES – set of learning outcomes;
TRAD – set of adaptation factors;
TRM – set of teaching methods.
The learning process is divided into 3 stages:
FR – stage of preparation of the educational and meth-
odological base for training;
FT –  stage of training;
FA – stage of analysis of learning outcomes.
We consider each of the stages separately.

( , , )M INF ADFR TR TR TR

( , )MTR TRules FO

A O UTRules TRules TRules TRules  
where
TRules  – set of rules for the formation of teaching meth-
ods [5]; 
FO = {foi}  – forms of training used in the learning pro-
cess;
TRulesA  – rules by which the learning tools are formed;
TRulesO  – rules of the learning process;
TRulesU  – rules forming the control actions. 
TRulesA  include the following categories of rules:
TRulesA1  – set of rules of the form “IF <training mate-
rial> is necessary for the organization of the <training 
course>, THEN it is necessary to implement the <train-
ing material> in <a set of reference and training mate-
rials>”, which are used for the development of tools for 
training materials TRINF : 

1 :A TB PB HB

VT DS INF

TRules INF INF INF
INF INF TR

  
  

INFTB, INFPB, INFHB, INFVT, INFDS – textbooks, workbooks, 
tutorials, video tutorials, demonstration scenes, and oth-
er interactive learning materials. All listed training mate-
rials are formed in accordance with a set of rules  .
TRulesA2  – set of rules of the form “IF for the implemen-

(10)

(13)

(12)

(11)

tation of <teaching methods> <training system compo-
nents> are necessary, THEN they are included in <set of 
hardware and software components of training system>”, 
determining the hardware HW and software SW compo-
nents of the training system (for example, testing termi-
nals, training equipment, virtual and real simulators, etc.) 
used in the learning process:

2 : ,A M MTRules TR SW TR HW 
TRulesA3  – set of rules of the form “IF the <assignment> of 
<training course> is selected, THEN <learning outcome> 
is evaluated using the <methodology>”. They are used to 
form the learning outcomes of the training process:

3 : ( , ) .A C M RESTRules TR TR TR
TRulesO  regulate the learning process:
TRulesO1  – rules for assessing the individual parameters 
of the trainee of the form “IF the <trainee> is analyzed, 
THEN the values of <parameters> correspond to him”:
TRulesO1 : pj -  PCj

TRulesO2  – rules for assessing the level of competences 
of the trainee of the form “IF  the <trainee> is analyzed, 
THEN the level of  <competences> corresponds to him»:
TRulesO2 : pj -  PKj                                  (18)
TRulesO3  – rules of adaptation of the learning process 
to the individual needs of the trainee of the form “IF the 
<learning outcomes> are obtained, THEN a set of <adap-
tation factors> is formed”:
TRulesO3 =  TRRES -  TRAD              (19)
TRulesO4  – rules for changing the level of competences 
(transition to a new level of development   of the trainee 
of the form “IF <training course> is completed, THEN the 
level of <competence metrics> changes”: 

where  , , , ,P P P P P
jk jk jk jk jka b c pol chl      - increment of the 

corresponding competence metrics pkjk, the value of 
which directly depends on the quality of the learning pro-
cess TR.
TRules05  –  rules for assessing the knowledge and skills 

(15)

(16)

(17)
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( , , ) ,

( , , ) ,

( , , ) ,

( , , ) ,

P P P
O j jk jk jk

P P P
j jk jk jk

P P P
j jk jk jk

P P P
j jk jk jk

P P P
j jk jk jk

TRules p TR a a a

p TR b b b

p TR c c c

p TR pol pol pol

p TR chl chl chl

 

  

  

  

  

(20)

of the trainee of the form “IF <trainee> completed <train-
ing course>, THEN we obtain <learning outcomes>”:

5 : ( , ) .O jÑ RESTRules p TR TR          (21)
TRules06  – rules for customizing the individual course for 
the trainee in accordance with the adaptation factors of 
the form “IF <adaptation factor>, THEN change <training 
course>”:

6 : .O ADÑTRules TR TR          (22)
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TRulesU  are used to forming the control actions:
TRulesU1  – set of rules of the form “IF <control action>, 
THEN change <training course>”, determining the con-
trol actions for the process of forming training courses;
TRulesU2  – set of rules of the form «IF <control action>, 
THEN change <methodology> of assessment of <learn-
ing outcomes>”, determining the control actions for the 
process of assessing the learning outcomes;
TRulesU3  – set of rules of the form “IF <control action>, 
THEN change <assignments> of <training course>”, de-
termining the control actions for the process of forming 
the sequence and complexity of assignments.
The learning process FT  is to increase the level of devel-
opment of competences PKj  of the trainee over a period 

of time TRt  :

: ( , ) {( , ,

, , )},

,

P P P P
j jk jk jk jk

P P P P P P
jk jk jk jk jk jk

TR TR TR

FT p TR a a b b

c c pol pol chl chl
t t t

   

     

  
where  PKj - level of competences at the time t;
tTR - total training time,

TRt   - time of the current iteration of training.
Unlike the training stage, where the metrics of profes-
sional competences increase, the analysis stage directly 
checks whether the level of competences corresponds 
to the tasks assigned to the trainee. This verifi cation is 
carried out by solving a number of problems of a certain 
complexity:

: ( , ) .j RESFA p TR TR           (24)
Each task has a set of results, determined by the abili-
ties and knowledge of the trainee at the time. Evaluating 
the results, one can adjust the training program in accor-
dance with the rules TRules07.
Thus, we have considered three main stages of the 
learning process. As noted above, this process is cyclical 
and repetitive and is aimed at achieving the stated goal 
in the form of necessary competences with a set level.
The formulation of the problem of optimizing the learn-
ing process cannot be reduced to the application of one 
criterion, since the training system can be subject to dif-
ferent economic (the cost of development and mainte-
nance) and constructive conditions (the use of certain 
forms of training, hardware and software components of 
ATC, the requirements for system performance on cer-
tain equipment). It is necessary to take into account the 
number of trainees and economic effectiveness of the 
training system. The most effective tool is not always jus-
tifi ed in terms of total costs. On the other hand, a cheap 
and simple solution can signifi cantly reduce the quality of 
training and the time it takes.
Thus, to fi nd the optimal solution from various points of 
view, we set a multi-criteria formulation of the problem 
in the following form: it is necessary to form the learning 

process with the given parameters of the training system 
TR  for trainees in the number nP , where the trainees 
can achieve the maximum level of development of com-
petences LP(pj)  over the minimum training time and with 
minimal economic costs ER:

1

1

( , ) min,

( ) min,

( ) max,

nP

TR j
j

nP

j
j

t p TR

ER TR

LP p








 

 




     

when performing the relations of the mathematical model 
(1-24) and restrictions on:
- compliance with mastered competencies PK required 
by PK*:

*,PK PK            (26)
- total training time:
 *

1
( , ) ,

nP

TR j TR
j

t p TR t



     

- economic resources:

*( ) ,ER TR ER           (28)
where   ER - total economic costs for the implementation 
and maintenance of the training system per person;
ER* - maximum possible costs for the implementation 
and maintenance of the training system per person;
PK* - set of required competences;
tTR*  - maximum possible training time.
Training can be conducted in a developing direction with 
the use of tasks of increased complexity with the aim 
of increasing the overall labor intensity of the tasks per-
formed and, consequently, increasing the level of human 
development more effectively. Determining the optimal 
relationship between quality, training time and its cost is 
a non-trivial task of multi-criteria optimization. Therefore, 
it is impossible to say with confi dence that the use of 
expensive and effective learning technologies is always 
justifi ed; each case requires careful analysis and selec-
tion of the optimal solution from various points of view.

CONCLUSION 

The training complexes proved to be effective for person-
nel training at various spheres of human activity; howev-
er, the issue of mathematical modeling of the learning 
process is not addressed at ATC. The absence of a clear 
and detailed formalized model of the learning process 
leads to a paradoxical result: a designed virtual simula-
tor meets all structural requirements, but the effective-
ness of learning on it does not cover up the material and 
time resources invested in the development. In the cited 
works, the learning process is studied from a pedagogi-
cal and methodological point of view without taking into 
account the specifi cs of using training complexes.
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The proposed mathematical model of the learning pro-
cess includes the known parameters (psychological, in-
tellectual, physical, physiological and anthropometric hu-
man metrics, complexity of the solved problem, human 
development zone), adapts them to ATC subject area 
and allows evaluating the effectiveness of training at the 
design and operation stage of the training complex.
Within the article, an original formulation of the problem 
for the learning process optimization is derived, distin-
guished by the selected criteria (economic costs, quality 
and learning time), which permits to determine the op-
timal set of software and hardware of the training com-
plex to provide the maximum effi ciency of the learning 
process.
The formulation of the mathematical model and the opti-
mization problem are a promising direction for the further 
research on the formalization, analysis and improvement 
of the effectiveness of the learning process despite the 
large amount of upcoming experimental studies. Further 
work will be associated with the analysis of experimental 
data in solving certain tasks of the learning process orga-
nization with the involvement of focus groups.
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