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The aim of the study is to develop a methodology for calculating the dynamic characteristicsfof nonlinear vibration
isolators and to evaluate the influence of the type of dissipative forces on the vibration protectiofy efficiency. The
paper addresses the calculation of vibration isolators with nonlinear elastic and dissipative propérties under harmonic
force and kinematic excitations. Using the harmonic linearization method, generali€xpressions were derived for the
amplitude-frequency response and the vibration isolation efficiency coefficientd The Janalysis of these expressions
determined the conditions for suppressing large-amplitude vibrations.

Specific analytical relationships were obtained for vibration isolators possessingthe most common nonlinear elastic
characteristics. These include isolators with odd cubic stiffness characteristics, préleaded systems, systems with
symmetric linear elastic stops, and systems with a nonlinear elastic element and symmetric rigid stops.

It was established that the efficiency of vibration protection systems depends,significantly on the type of dissipative
forces present in the isolator. Analytical relationships were derived, and the peformance of vibration isolators with
viscous, dry, and internal friction was analyzed. A comparison of the performance efficiency of vibration isolators with
different dissipative characteristics was conducted. The posSibility#of achieving vibration protection goals by
combining different forms of damping is highlighted.

Keywords: vibration isolator, nonlinearity, kinematic action, harmonicinearization, frequency response, vibration
isolation coefficient

HIGHLIGHTS

— General analytical expressions for nonlinear isolaftor efficiency are derived via harmonic linearization.
— New analytical criteria (limit curves) are obtainéd to predict amplitude jumps and instability zones.
— Explicit calculation models for isolators with preload, cubic stiffness, and rigid stops are presented.
— Comparative analysis reveals the supetier efficiency of internal friction over viscous and dry damping.

1 Introduction

Creating high-speed machines and vehicles;jboosted by capacity, load and other performance characteristics
inevitably leads to increase in intensity, expanding the range of vibration and vibroacoustic fields [1]. Harmful
vibrations affect the designer-plannedymotion laws of machines, mechanisms and control systems, generates
workflow instability and can cause failure'and a complete mistune of the entire system [1]. Creating effective means
of vibration and shock protection is one of the important issues in the design of technological machines and vehicles.

The development of the vibration protection theory began with solving problems of vibration isolation equipment in
the linear setting. The fundamentalfprinciples of this theory, allowing based on the theory of linear vibrations
characteristics of an object to asso€iate with the vibration parameters of vibration-proof system can be found in [1],
[2]. Often a vibrationgystem is affected by single or repeated shock pulses. The short duration of shock processes,
unsteady vibrations callfer direct integration of the motion equations with the initial conditions. Ex-tensive material
on the results ofilineamsystems calculation of vibration protection in the form of tables and graphs to determine the
amplitude-frequengy, responses and transfer functions for different types of impulse and shock loads can be found in
[3, 4].

In many pragetically important cases, the disturbing effects are random. These are the loads on vehicles: cars, ships,
aircrafts. This'led to the need to apply statistical methods to problems of vibration protection [5]. On the problems of
vibration protection of equipment, whole departments of institutes worked. The results of the joint work of Soviet and
Czechoslovakian ' scientists, dedicated to the scientific principles, calculation methods, dynamic properties
identification,and optimal synthesis of linear passive and active vibration isolation systems with specific technical
applications, were published in [1].

The design and operation experience of real vibration isolation systems shows the limitations of a well-developed
theory of linear vibration protection [6, 7]. Vibration-isolated systems may have several phenomena, an adequate
description and study of which is possible only through nonlinear dynamic models. The appearance of non-linear
effects, often leading to the deterioration of vibration protection, is due to the increased vibration and shock intensity
and non-linear elastic-dissipative characteristics of vibration isolators. On the other hand, the use of vibration isolators
with nonlinear characteristics in some cases may be useful. Fundamentals of the theory of nonlinear vibration
protection are presented in [6] and were developed in the paper [7].
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There are many monographs and journal articles dedicated to designing vibration isolation systems for specific types
of machinery and equipment. The number of publications in scientific journals on this subject is not reduced to this
day. This is due to a different target setting (one-, two- and three-dimensional) with different kinds of kinematic and
force action (harmonic, polyharmonic, pulse, shock, random), with the features of object vibration protection, with the
vibration isolators type difference (active, passive), with the difference types of damping elements (rubber steel,
hydraulic, pneumatic) etc. They are devoted to various aspects of calculation and design of vibration isolation
systems. For instance, references [8, 9, 10, 11] deal with the active vibration isolation systems and refesences [12,
13, 14] study systems with two or more [15] degrees of freedom. In order to enhance efficiency, someWibration
protection systems have vibration isolators of quasi-zero [16, 17] or sometimes even negative stiff-ness [18, 19]. An
overview of recent developments and research of nonlinear vibration isolators with negative stiffness is given in article
[20]. Some investigations are devoted to protection against shock [21, 22, 23] focus on thefpossibilityyof polyharmonic
shock. References [24, 25] are devoted to the optimization of the specific vibration protection system parameters,
while [26] the influence of nonlinear damping on the quality of vibration protection is considered{In the analyzed
works, the harmonic balance method is mainly used to calculate nonlinear vibration protection“systems, and in [27]
the solution was obtained through generalized coordinates using the matrix of trafsition functions. There are works
devoted to the development of new designs of vibration isolators [28, 29, 30].

Analysis of the problem study shows that the literature pays little attention to'the a@nalysis of operation of vibration
isolation systems with specific nonlinear characteristics based on the modern theery of nonlinear vibrations. This
paper focuses on the calculation and design of vibration isolators with_nonlinear elastic characteristics. External
impacts are harmonic. However, they may be of both power and kinematiGnature.

2 Materials and methods

2.1 Dynamic model

To analyze a vibration-isolated object, we create its dynamic model{The object can be represented as lumped mass
with one degree of freedom connected to the base through the viliration isolator. It is modeled as a massless
deformable element that has nonlinear elastic and dissipative properties. External actions in a form of harmonic force
have an influence on the object or cause harmonic vibrations of object’'s base. Based on this dynamic model, we
develop a mathematical model of vibration-isolated miovement of the object according to d'Alembert’s law.

The vibrations’ equation of vibration-isolated object of mass m at harmonic action can be introduced by the following
form:

X+ R(x,x)/m = fy(w)aos wt (1)
where R(x, x) is the force in a vibration isolator;
fo(w) = F(w)/m at power actions;
fo(w) = & w? at a kinematic actions

At the kinetic forcing x must be understged as the relative motion of an object. The elastic-dissipative characteristics
of vibration isolator R(x, x) are usually represented as the sum of elastic and dissipative forces and linearized as a
mean motion value:

R§(x) = Ro + cg(x — ap), Ry(x,x) = byx,

where the linearization coefficients depend on the parameters of the vibration process and are determined at the
harmonic action by known formulas [6, 30].

Then the linearizedgequatiomof object motion is brought to the form of:
Xy (by /m)x + A2(a)(x — ag) + Ry/m = fy(w) cos wt, 2)
where 3=/ is the free nonlinear vibration frequency.
The solution to the nonlinear equations of motion according to the harmonic balance method is:
X =ayg+xg=ag+acos(wt+ @),

where ao is the steady component of motion.

Substituting this solution into the equation of motion, we have Ro = 0. For the average value of elastic force, we then
obtain the following expression:

Ry(ag,a) = ifozn Ry (ag + acosy)dyp =0 (3)
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Now we can express a, as a function of a and substitute it into the ¢, linearization coefficient formula, so we get the
equation of a backbone curve:

1
mma

A%(a) = fOZﬂ Ry [ap(a) + acosy] cosyp dy. (4)

The dissipative forces linearization coefficient by is:

by = _;fom Ry(ag +acosy, —aw siny) siny dy. (5)

maw

Specific expressions for the vibration amplitude and frequency depend on the actual elasticAissipative characteristics
of the applied isolator.

2.2 Deducing the main calculation functional connections at viscous frictions

In such isolators the dissipative force depends only on speed, i.e. the value of the, coefficient bg. Then, using the
method of harmonic balance in equation (2) we find that the vibration amplitudes:

_ @
N o (6)

where ¢ = b, /2m is the vibration damping coefficient.

After solving equations (4) and (5), we can determine the vibration amplitude By substituting the amplitude into (4),
we can find the frequency of nonlinear vibrations.

The backbone curve equation depends on the specific form ©f thegelastic characteristics of the isolator. If it is
described as an odd function, then based on (3) we always get‘an=40.

The effectiveness of vibration isolation system can be estimated with, vibration isolation coefficient. In the present
case it is determined by a formula determined for a linear system based‘on the functional connection of frequency to
amplitude:

kR:\/[ A4 (a)+4e2w? :\/ v4(@)+4n?z2 )

A2 (a)-w?]?+4e2w? [22(d)—z2]%244n2 22
wherev(a) = A(a)/Ay, n =€/, 2 = W/ Ay; Agn= \/c/_m areithe linear vibration frequency.
Vibration protection efficiency condition is kp < T'88tarting from (7) it reduces to:
z>+2v(a) or 21a) < w (8)

Nonlinear systems allow applyinggvarious modes with different amplitudes and phases. The realization of these
modes depends on the initial conditions, which in practice are not specific and depend on many random factors.
Therefore, in designing vibration isolatiomsystems one has to consider the possibility of occurrence of any of these
modes.

Extreme values of the amplitudes are achieved at the intersections of backbone curves and amplitude-frequency
characteristics (AFC) calledirxesonancé curves (Fig. 1). At these points 1 = w and from (6) we obtain the equation of
a limit curve:

a, = fo(w)/2ew

In the intersectionmpeintsgand, backbone limiting curves (A and C) the resonance curve is tangent to the limit one,
while in all other paints it is below this curve. It can be shown that the amplitude extreme values are achieved at the
intersection points ofithe backbone and limit curve. Thus, the intersection point of these curves determines the
number of branches andthe shape of resonance curves.

Most vibration iselators typically have a ‘stiff backbone curve. If the function f,(w) = f, = const, then 2’ limit curve
is a hyperbole and intersects with the “stiff” backbone curve only at one point, A (Fig. 1) and the AFC has only one
branch,\@4BE’ 4Since vibration protection efficiency area corresponds to w > v/2A(a) fluctuations, the efficiency
condition will'then match the w > w, modes.


http://www.engineeringscience.rs/

Bakirov Zh.B et al. - Calculation of nonlinear
vibration isolation systems under harmonic action

Journal of Applied Engineering Science % ]

Vol. 24, No. 2, 2026
www.engineeringscience.rs

ajp

/

0

1
i
Ay @,

appearance of additional branches corresponding to the large amplit ibrations. Therefore, the condition for
vibration protection efficiency is performed only within w, < w < ws;.

mode of a vibration isolator due to technical or
vibrations must be anticipated in the design
first way is to increase the steepness of the

Unfortunately, not always there is a choice of effective frequen
technological reasons. In this case, the possibility of excluding
of vibration isolation systems. There are two possibilities for th
backbone curve, so that within the operating frequency backbone would lie above the limit one (after point A).
Typically, this measure leads to an increase in the size of vibration isolation systems.

The second way is to increase the damping coefficiept that leads to a decrease of the limiting line’s angle to a
horizontal axis. So, the limit curve would lie below backbone one. If we draw a tangent to the backbone curve
from the central point and assign the coordinates o
condition with large amplitudes is brought to the fo

£>e¢, =& w,/2a, 9)

In many cases, the rigidity of borders is unkno very large. Then the interesting task is to determine a range all
the way to d, so that any elastic bord ic would not cause shocks. The resonant modes in isolator
efficiency area (at w > v21,) cannot occ

d>d, = fy(w (10)

2.3 Calculation and design of vibration isolators of viscous friction

Now we consider the calculation of nonlinear vibration isolators with the most used types of elastic characteristics.
For an isolator with an odd, cubic characteristic, we can write:

R, = cx + ex?.

From (4) we obtain t

llowing backbone curve equation 12 = 23(1 + 3a?e/4c).
For symbol g = i

and ac. = 60 at fo = {0(1)2.

p* = {[v*(Bac) — z%]* + 4n*z*} 1 p? (11)

vZ =1+ 0.75(e/c)a?p? =1+ 0.75y5> .
By substituting this expression into (11), we obtain the following cubic equation:
0.5625y2x3 + 1.5y (1 — z?)x? + [(1 — z%)? + 4n?z%]x — u? = 0,

where x = 2.
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By solving the equation for the constant y,n,z, we can find £2, and then determine vZ(a). According to (7), we then
determine the vibration isolation efficiency coefficient.
Using a PC application, MATLAB, we calculated the isolator of this type and for different values of n and y. The

calculation results with n = 0.1 and y = 0.1 are shown in Fig. 2 for fo = const. The figure shows tha
the maximum the vibration amplitude comes the vibration stop and the vibration isolation c
decreases. Vibration protection effectiveness is provided at z >= 1.46.

In calculating the project, based on (8) and the dampening smallness condition, (11) is brought to the following form:
pv:=d (12)
where d = 1 at f0 = const and d = 2v? at f, = {,w?.
In this case, the equation becomes:
0 3+B—-d=0.

Here we determine the equation root g, a heck the effectiveness of vibration protection conditions for the working
frequency range

W2in =2 (14 0.75yB2)c/m

If this condition is not satisfied, research check an isolator of a different brand. In order to reduce the size of
vibration isolation systems it is recommended to start the selection with a vibration isolator with stiffer elastic

characteristics.
For a pre-loaded isolator wit
R,

the backbone is brought to the form of A2 = 23(1 + 4H /nca) or the following dimensionless form
(kinematic excita here F, = c¢&;):

1+vy/B, v = 4Hy/nF,. (13)
Based(o e resonance curve equation (11) transforms into the following equality:

,82[(1 — 22)2 + 4n222] +2y(1 - zz)ﬂ + y2 — ,u2 =0.

= cx + Hysign(x)

Here we can determine S at this frequency, with the previous expression we can find v2(f), and expression (7) can
provide the vibration protection efficiency coefficient.

In designing these vibration isolators, one should remember that the vibration isolator does not work if F, < H,, it is
‘locked’, while normal operation is provided if F, = 4H,/m [6]. It follows that the design calculations should be:

H, < mFy /4. (14)

The equation for calculating project (12) under force action with based on (13) is brought to the form of:
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Then, vibration protection efficiency (8) transforms into:
222 or w2l (15)
1-y 1=y Mpin

Vibration isolator is characterized by two elastic parameters H, and c. To pick them, we obtained exp ions (14)
and (15), connecting these parameters to the load characteristics F, and w.

Under kinematic action in the calculation of projects (12) based on (13) we obtain:
p*—2(-y/2)p-2y=0
By solving the equation, we determine 8, = 2, so the vibration protection efficiency condition (15 sforms into:
Wmin = \/7(1 + g) c/m.

Now we consider the calculation of a vibration isolator with symmetric elastic , installed at a distance d
from the equilibrium position. The elastic force in this case is described as follo

R, =cx at |x|<d;
Ry=cx+c(y-1) [x-dsin(x)] at [x] >

where y = ¢, /c; c1 is the border rigidity.
Then from (4) we have:

A7 = i—i[afozncoszlﬂdlﬂ +4(y -1 flzl/z(ac 24 — d cos P)dip],

where ¥, = arccos(d/a).
After integrating we obtain:

2=21+F-1)a-2 2—2aresin)]  (a>d).

= 1/n*+ arcsin%)],where n=a/d>1.

nt, which will remove resonance vibrations with a large amplitude
at kinematic excitation. To do this, e known y we build a backbone curve and draw a tangent line to it from the
central point. Here we define the coor s of the tangent point and according to the formula (9) we determine the
desired value of dampening coefficient. The calculation for y = 16 is shown in Fig. 3. Here we determine:

n>n, =2218/2 - 1.6d = afy/d = 0.69&,/d.

We determine the value of the da
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Fig. 3. The determination of the critical vibration isolator damping coefficient with symmetrical stops
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After carrying out similar calculations for a variety of y, we can get a functional connection graph of the coefficient a

to the parameter y. Such graph is shown in Fig. 4. With such damping coefficient the determination of vibration
isolation coefficient can be found with linear theory by using the following formula:

ko = 1+4n2z2
R ™\ (1-z2)2+4n2z%’
Project calculations can also be determined with the following linear theory:

c< ma)\/imin.

ol
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/
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Fig. 4. The graph of functional connegction offeritical dampening coefficient to rigidity ratio

If borders are rigid, then the distance to the stop or theddamping coefficient should be selected according to formula
(9) d > d, = &ywmay- Further calculations are carried outiwith'the linear theory.

3 Results and discussion

We have selected a dynamic and nonlinear‘mathematical model of vibration isolation systems with one degree of
freedom under the harmonic, force, and“kinematic action. By linearization of nonlinear elastic and dissipative
characteristics of a vibration isolator around thedaverage motion, we have obtained an equation of a vibration-isolated
object motion. The solution of the“equation was determined by the method of harmonic balance. It allowed us to
determine the equation of the backbone,curve, the amplitude of the forced vibrations, and the vibration protection
efficiency coefficient.

The authors conducted an analysis of amplitude-frequency characteristics of vibration isolators and identified
frequency ranges, in whi€h,resonance phenomena are possible. The example of vibration isolators with viscous
friction showed the vibration“protection efficiency conditions in the frequency range under the force and kinematic
action. For a given frequency madé scientists specified the conditions for ensuring the vibration isolation efficiency
by adjusting the vibratien isolator parameters.

Next, the authors considered vibration isolators with different nonlinear elastic characteristics: a cubic characteristic,
preload, symmetric'elastiellinear (or absolutely rigid) borders. They obtained explicit equations of backbone curves,
equation to determinge the vibration amplitude. The joint solution of these equations makes it possible to determine
the frequency and amplitude of nonlinear vibrations under specific operating conditions and specific elastic and
dissipativemparameters of vibration isolator. Through these kinematic characteristics researchers determined the
efficieney coefficient of vibration protection. In project calculations of vibration isolation efficiency can be determined
any varied characteristic of the vibration isolator (rigidity, distance to borders, damping coefficient, etc.). If the
expression to select the characteristics of a vibration isolator cannot be obtained in an explicit form, then a project
calculatiommmethod must be specified. Such calculations are for the vibration isolators with viscous and dry friction.
These results were obtained for the first time and demonstrate the scientific novelty of research.

The study is complete, containing new scientific results, representing the development of methods of calculation and
design of one-dimensional nonlinear vibration protection systems under harmonic actions. In contrast to the studies
of the other authors [16, 17, 18, 26, 27], they are sufficiently general, as applicable to the calculation of all types of
one-dimensional systems of vibration protection equipment. However, based on general relations, the paper
developed methods or obtained specific expressions for calculation and design of vibration isolators with frequent
nonlinear elastic-dissipative properties.
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The results are in good agreement with the theory of nonlinear vibrations of mechanical systems, which indirectly
indicates their authenticity. The reliability of the results was checked by carrying out numerical calculations and
comparing them for particular cases to the results of a well-developed theory of linear vibration protection and a well-
known solution of the nonlinear Duffing equation [30].

The scientific novelty of the research lies in the following:

Derivation of generalized analytical dependencies for the amplitude-frequency characteristics ofgvibration isolators
with arbitrary nonlinear elastic and dissipative properties.

Establishment of the specific influence of different friction types (viscous, dry, internal) on the 'locking' phenomena
and high-frequency isolation efficiency.

Development of an analytical criterion (limit curve equation) for predicting amplitude jumps andginstability zones in
nonlinear isolation systems.

4 Conclusions

In this paper, using the harmonic linearization method, the authors determineddhe basic functional connections for
calculation of vibration isolators with non-linear elastic characteristics under Aarmoniemforee and kinematic action.
These functional connections allowed us to determine the frequency of nonlinearfiee vibrations, the amplitude of the
forced vibrations and the vibration isolation efficiency coefficient. Based on theseanctional connections, we have
analyzed forms of the backbone curves and amplitude-frequency charagteristics of nonlinear systems and obtained
the parameters for efficient vibration isolator frequency selection mode: e have determined the conditions for
selecting vibration isolator parameters, excluding the appearance of vibrationsiwith a large amplitude in the system.
Methods of calculation and design of such nonlinear vibration isolators were also’introduced.

For the most common types of vibration isolators with nonlinear elastic characteristics, it was developed specific
equations and formulas to assess the efficiency of vibration isolatien@nd select the parameters of a vibration isolator
based on the efficiency of vibration protection.

The scientific value of the results lies in the output of the basic functional connections for the calculation of the
efficiency and design of vibration isolators with different nonlinear characteristics under harmonic action, the
development of methods of calculation and design @f nonlinear vibration isolators by the criterion of efficiency of
vibration protection.

Practical application of the results, obtained in the werlki lies in'the fact that they allow to evaluate the effectiveness
of particular vibration isolators under the given operatingyeonditions. These results can be used for selecting elastic-
dissipative parameters of vibration isolators @f various types, as well as the destination of resonanceless operating
modes of an object with a certain vibration isolater.

The potential of this research is to studyasthegvibrations of nonlinear vibration isolators under polyharmonic, pulse,
shock, and random actions. Also, great seientific and practical significance has the study of similar closed vibration
isolation systems.
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