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This paper presents a modified initial parameter method for deterministic interval estimation of‘€fitical loads in axially
compressed variable-stiffness rods. In the present study, the term “interval” refef8ite. the range bounded by lower
and upper estimates obtained from inscribed and circumscribed piecewise-canstant/geometric approximations of
continuously varying cross-sections. The method approximates continuously varyingfcross=sections by inscribed and
circumscribed piecewise-constant segments, providing reliable upper and lowerbounds without requiring closed-
form solutions. The formulation is applicable to both conservative and follower-load préblems under various boundary
conditions. Numerical examples for conical and smoothly varying rods demonstrate monotonic convergence of the
estimates, with relative deviations below 1-3% for refined discretization.ylhe proposed framework provides a
computational tool for stability analysis of structural elements with variabledstiffness and establishes rigorous
deterministic lower and upper bounds that may serve as a baselinéfor subsequent uncertainty or reliability analyses.
The present study is restricted to linear elastic rod theory; exténsiongdo elastoplastic behaviour is considered as a
possible direction for future research.

Keywords: initial parameter method, critical load estimation, variable=stiffness rods, interval analysis, non-
conservative stability

HIGHLIGHTS
— A modified initial parameter method is proposed for deterministic interval estimation of critical loads.
— Upper and lower bounds are constructed foriteds withfvariable stiffness using piecewise approximations.
— The formulation applies to both conservative andthén-conservative stability problems.
— Numerical results show monotonic convergence with estimation errors below 1-3%.

1 Introduction

The stability of axially compressed rods and beam-like structures is a classical problem in structural mechanics and
continues to attract significant intérest due to its broad engineering applications. Fundamental theories of elastic
stability, including both conservative"and non-conservative formulations, were established in the pioneering works
[1-6]. Among the analytical methods develeped for such problems, the initial parameter method (IPM) has proven to
be an efficient framework for vibration and’ stability analysis of rod systems by transforming governing differential
equations into systems with piecewise-constant coefficients and transfer relations between state variables [7]. Its
application has recently been extended to inhomogeneous and centrally compressed rods, demonstrating its
effectiveness in solving more €¢émpléx stability problems [8].

Recent research onritical load estimation has developed along several directions. Simplified computational models
and substitution-basedteehniques have been proposed for evaluating buckling loads of cracked or complex structural
elements [9-12];Advancediformulations have also incorporated nonlinear effects, moment-rotation dependency,
multiaxial loadinggyand shell stability problems, considerably expanding the scope of critical load analysis [13—18].
These studies providgeffective computational tools, although they are generally aimed at direct numerical prediction
rather than interval-typetestimation.

At the game time, considerable attention has been devoted to structures with spatially varying stiffness. Previous
studies have examined post-buckling behavior of elastic rods, variable-stiffness biomedical rods, adaptive rod
systems, and constrained compression rods [19-22]. More recent work has addressed tapered and functionally
graded Beamsgnanobeams, elastic curves with variable bending stiffness, and variable-stiffness composite shell
structures [23-28]. In addition, studies of structurally inhomogeneous elastic elements and graded cylindrical shells
have further demonstrated the important influence of spatial non-uniformity on stability characteristics [29,30].
However, despite these advances, most available approaches rely on differential equations with variable coefficients
or standard discretization methods and do not provide guaranteed upper and lower bounds for critical loads.

This indicates the need for computationally efficient deterministic deterministic interval-based methods capable of
producing rigorous lower and upper estimates for stability parameters in rods with variable stiffness. In the present
work, the interval estimates are generated through inscribed and circumscribed piecewise approximations of
continuously varying cross-sections rather than through probabilistic or stochastic uncertainty modeling. In particular,
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combining deterministic interval estimation with the initial parameter method for both conservative and non-
conservative stability problems remain insufficiently explored.

In many modern engineering applications, including lightweight aerospace members, tapered composite structures,
and slender adaptive systems, structures with strong geometric non-uniformity require reliable stability,assessment.
Although the present paper focuses on idealized conical and smoothly varying rods, these examplesdre intended as
fundamental benchmark problems that establish the deterministic bounding framework necéssary for future
applications to more complex engineering structures. For such systems, manufacturing tolerarices, local stiffness
reduction, and continuously varying cross-sections may significantly influence stability behavior. In this<¢ontext,
rigorous deterministic lower and upper bounds for critical loads are of practical importance, since they provide a
reliable baseline for subsequent uncertainty or reliability analyses without introducing prop@bilistic assumptions into
the present formulation. Therefore, computational approaches capable of providing reliable loweFand upper bounds
for critical loads are of considerable practical interest.

The present study addresses this gap by developing a modified formulation of the initial parafmeter method for
deterministic interval estimation of critical loads in axially compressed rods withgvariable stiffness. The proposed
approach approximates continuously varying cross-sections by systems of inscfibediand circumscribed piecewise-
constant segments, enabling reliable bounds for critical loads without requirin@ closédsfermysolutions of differential
equations with variable coefficients. Numerical examples demonstrate monotonigconvergence and high accuracy of
the proposed estimates, confirming the consistency and practical applicabilityef the proposed deterministic
estimation procedure.

2  Materials and methods
2.1 Modification of the initial parameter method algorithm

A straight composite rod is defined as a rod whose stiffness and distributed mass are stepwise (piecewise-constant)
functions of the longitudinal coordinate. According to the definition of a rod given in [5], these characteristics are
assumed to be continuous and smooth functions of the longitudinal ceesdinate. Therefore, a composite rod may be
regarded as a system of straight rods with constant stiffness, sharing a common straight axis; that is, the centroids
of the cross-sections of the constituent rods lie on the ame straight line.

For such unbranched rod systems, the simplest mathematical model can be constructed using the initial parameter
method (IPM) [2]. In essence, this approach reducés,solving theyCauchy problem for a system of ordinary differential
equations with piecewise-constant coefficients. At pointsoof first-kind discontinuity, continuity conditions of the solution
are imposed: the state at the end of the preceding segmentf'serves as the initial state for the subsequent segment.
In terms of the IPM, this can be expressed asfellows:

yo = pm(L, )y R (1)

where y, is the state vector of the rod, i.e.,"ayeolumn vector composed of the nonzero state components of the rod
(displacements, cross-sectional rotation anglesjtorsional and bending moments, axial and transverse forces); the
superscript denotes the rod number;ithe subscript 0 refers to the initial state.

The matrix B(x) is the normalized matrixief fundamental solutions of the differential equations of state, calculated at
the point 0 < x < L, (L is the length of the rod). It is assumed that the equations of state allow the solution for one
rod to be represented in the form

y(x) = B@)yo )

Representation (2) 4s._applicable®in both statics and dynamics when determining eigenstates; in this case, the
unknown natural frequency of free oscillations, w, must be included among the arguments (all additional arguments
are omitted for brevity). Thégboundary conditions at the beginning of the rod are satisfied by selecting a subset of the
initial parameters;, as follows, directly from the support conditions at the rod’s initial end. The remaining initial
parameters are detekmined from the support conditions at the opposite end of the rod.

In the analysis of free vibrations, the boundary conditions are homogeneous; accordingly, the resulting system for
determining the, initial parameters is a homogeneous system of linear algebraic equations. The parameter w is
obtained from the\condition that the principal determinant of this system vanishes, and the initial state vector is given
by a nontrivial solution of the corresponding homogeneous system.

For a composite rod (1), the formula connecting the initial parameters with the state of the end of the rod is obvious:

Yk = [25:1 B(n)(Ln)])’o = BonYo (3)

Here, the product of the fundamental solution matrices should be interpreted as the influence matrix of the initial node
of the rod system, numbered 0, on the terminal node, numbered N. The term “rod system” is used in the above-
defined sense, with node numbering 0, ..., N and rod numbering 1, ..., N. Thus, for a single rod, there are nodes 0 and
1 and rod 1; the matrix By, represents the normalized fundamental solution matrix B(L).
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Note that the fundamental solution matrix is computed in a local coordinate system whose origin is located at the
initial end of the rod. The longitudinal axis is directed from the initial end to the terminal end, and the y- and z-axes
coincide with the principal centroidal axes of inertia of the cross-section.

The IPM is applied to the problem of transverse vibrations of a composite rod. Within the framework of, linear elastic
material behavior and the Bernoulli hypothesis [5, 6], the differential state equation of a straight rod§ accounting for
the influence of the axial force on bending, has the form [3, 4]:

EJv" 4+ pAv — [N'(x,t)0 + N(x,t)0'] = q, W

where v is the transverse displacement; N is the axial force, assumed to be a known smooth.and continuous function
of the spatial coordinate and time; 6 = v is the angle of rotation of the cross-section; E and p are_Young’s modulus
and the material density, respectively; A and J are the cross-sectional area and the principalg€entroidal moment of
inertia; qy(x,t) is the distributed transverse load; t denotes time; (') indicates differentiation with' respect to the
longitudinal coordinate; and (.) denotes differentiation with respect to time.

At the rod ends, force boundary conditions may be prescribed:
EJv"(L) — M(L) = 0; EJv"(0) + M(0) = 0;
—EJv""(L) + N(L)6(L) — Q(L) = 0; (®)
EJv""'(0) — N(0)6(0) —Q(0) =0
or kinematic boundary conditions:
v(0)=0,600)=0,v(L)=0,0(L)=0 (6)

Mixed boundary conditions are also possible, defining admissible combinations of force and kinematic constraints.
Note that the second term in the second and third equations répresents the projection of the axial force onto the
normal to the deformed axis at the initial or terminal end of the rod“and is nonzero only in the case of a “dead” axial
force directed along the undeformed axis of the rod. For a follower forcethis term should be omitted, since a follower
load is always directed tangentially to the axis in both the initial and deformed configurations.

The initial conditions are given by
v(x,0) = B(x); 6(x,0) = 6(x); vllx, 0)f= Bp@); 6(x,0) = 05(x) @)

Equation (4) is reduced to the following first-order system:

V=00 =25 M =0 Q"M (x,0)- 0+ XM + pAb = g, (8)

E
Even in the case of constant rod parameters; thef¢oefficients of the last equation in system (8) depend on both the
spatial coordinate and time. For the time being, the axial force is assumed to be independent of time, which makes
it possible to apply separation of variables to Eg@s. (4) and (8).

We reduce the system of state equations to dimensionless form by introducing the relative coordinate ¢ = % the

dimensionless variables @ = %,H,u = IZ—IL,G) =QE—LJZ,n2 =NE—L]2, as well as the dimensionless load parameters y, =
qxL quZ 4 22 ouZpAL4 2 pAL4' . . . t
TR AT and the frequency parameter Q* = w*T* = 5 , where T = TR and the dimensionless time 7 = pu
In these variables, the systeim, of stat€ equations takes the form y'(&,7) = AY(&, 1) — M (E, 1) + v (&, 1), where the
w
state vector is definedijas ¢ = Z . The system matrices and the external load vector are given by
(0]
8 (1) ‘1) 8 0000 0
0 0 0 O 0
A = . M = . =
0 5] n*E) 0 10 0 0 Yy (€, 7)

If the axial forcefis constant along the length, then :—f [n2(&)] = 0, and the third coefficient in the last row of matrix A

in (9) becomes constant. In this case, the solution of equation (9) can be readily obtained, for example, by applying
the Laplace transform. Then, the nonzero components of the normalized fundamental solution matrix for the dynamic
bending problem take the form
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1
By = 7 [(p7 —n®)cosh (p1€) + (p5 + n*)cos (p3O)];

1 pz _ nZ ) pz + n2 .
By, _E[ 1 sinh (p1€) + = sin (p3é)|;
1 3
1 1[sinh (p,¢) sin (P3f)]
B, . = —[cosh — cos ; Bia=+ - ;
1,3 Z[ (P1$) (r3d)] 1,4 Z[ ) D3

~

1
By, = 9431,4i By, =B11;By3 = Z [pZcosh(p,&) + pcos (p38)];

1
By4 =By3;B31 = 0*By3; B3, = 2*By4; B3z = 7 [pfcosh(p,&) + p5cos )

B3,4 = 32,32 B4,1 = -0432,32 B4,2 = -0431,32

1 .(24 + pZnZ . !24 _ pZnZ .
43 = - —15”1}1(1’15) - sin (23]
Z P1 D3

V2
Z = 4.(24+n4;p1=7 Z+n?p; = > —n2,

Using the modal expansion method [5] to solve the nonhomogeneous problem (9), let us consider the associated
homogeneous problem obtained for y = 0. The solution of the ogefeous problem can be represented in the form

(&

u
0/ 2o

Here, ¥, is the vector of initial state parameters, w thegmeaning of amplitude functions under the assumption
that the rod response can be expressed using the Fo od in the form

W&, t) =P(E)e "
The parameter Q) represents the dimensi

The boundary conditions (5), (6) in dimen

to + up = 0, u(
0, — n?(0)6, — 0,—6(1) +n?(1)8(1) — 6, = 0, (13)

where ¥,(Q) =

(12)

frequency of free vibrations of the rod.
less form can be written as

Here, the subscript 0 denotes the components of the initial state vector, the subscript b refers to the external force
factor applied at the left € f the rods,and the subscript e denotes the corresponding quantity at the right end.

When determining the spectr imensionless external forces and moments 0., 0y, u., and u, should be taken
equal to zero.
It should be noted tha
possesses its
Therefore, when
of the state variable
diagonal iX:

rod systems, the dimensionless equations cannot be applied directly, since each rod
sionless variables and its own dimensionless time scale.

sing rod systems (or composite rods), it is necessary to return to the dimensional formulation
is can be accomplished by premultiplying the fundamental solution matrix by a constant

L 0O 0 0
01 0 0

D,=[0 0 = o (14)
00 o0 =

The introduction of dimensionless time is not practical; therefore, the physical time variable should be retained in the
state equations. In this case, the analytical expressions (10) must be written in terms of the dimensional frequency
instead of the dimensionless frequency Q. The relation between them is given by

4
02 = w2T? = 2 PAL (15)
E]
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Thus, for a system of rods, the transfer (influence) matrix can be written in the following form:

4 4
Bon(@) = By (1,0? 22N [[N-1 pot, D, B, (1, 02 222052 (16)
EnJIN EnJn
Here, B, denotes the fundamental solution matrix of the n-th rod evaluated at ¢ = 1, and D,, are c
transformation matrices ensuring the transition between dimensional state vectors of adjacent rod

The structure of the matrix product indicates that the procedure first involves the trans
dimensionless variables of the preceding rod segment to dimensional variables, and subsequently from di
variables to the dimensionless variables of the next segment.

Thus, the input to the system is represented by the dimensionless state variables of thefinitial ment, while the
output corresponds to the dimensionless variables of the final segment:

Yy = Bon(w)¥) (17
Accordingly, the boundary conditions should be imposed in the form given in (13

The proposed formulation is applicable to both continuously varying and
compatibility conditions between adjacent segments are satisfied automatical ansfer-matrix framework.
The present study is limited to linear elastic rod theory. Extension of the prepesed framework to elastoplastic
problems through updated tangent stiffness formulations and incremental analysis is‘€ensidered as a topic for future
research.

2.2 Verification of the method

nuous cross-sections, since

As an example of the application of the method, consider the pro
of three segments, as discussed in [4] (Fig. 1).

of transverse free vibrations of a rod composed

l]"J

N
<
g

/

¥

ig. 1. Configuration of the rod [4]

The rod parameters were specified as follows: the material of the rod was steel with Young's modulus E = 200 GPa
and density p = 7850 kg . The rod length was 1 m, and its cross-section was a solid circular section of diameter
d. The geometric ratios we

lation results for all values were found to be identical; one example corresponding to

B =0.25(, =2 hown in Fig. 2. The vertical lines indicate the bifurcation points of a smooth pin-supported rod.

ess critical load K:

_ Peyl? _ mdj

_7T2E]2']2 -y (18)

It should be noted that the definition of the parameter «a in this paper differs from that in [4]: in the present study, a
denotes the ratio of the diameters of sections 1 and 2, whereas in [4] it represents the ratio of the moments of inertia
of the same sections. Therefore,

a = 4/0![4_]. (19)
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0 2x10”

410"

P

B B’

Fig. 2. Natural frequencies of the rod (Fig. 1) for equal diameters (P — compressive force, kN)

Lir

3 Results and discussion

3.1 Critical load estimates for a conical rod

We consider problems demonstrating the capabilities of the method of initial parameters in determining critical loads

within a dynamic formulation for composite rods with various ratios of segment lengths and stiffnesses.

Let the profile of the rod be bounded by a truncated cone with the maximum base diameter. d, and the minimum
diameter d,. We consider a sequence of problems arising in the approximation of the longitudinal section by cylinders

inscribed in it and circumscribed about it (Fig.4).
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—

Fig. 4. Longitudinal section, inscribed and ¢ scribed cylinders, n = 3
The lengths of all rods (segments) into which the original conical rod is divided are assumed to be equal. In this case,
the diameters of the inscribed and circumscribed cylinders can be expressed as sequences:
47 = g — 2L,tg(a); A =
Li=7,i=012.n—1

= d{™" + 2Litg(a); di™ = dy;

(20)
Here, a denotes the semi-vertex angle of the cone, and
is assumed to be identical: E = 2 - 10° MPa

and tg(a) = 0.2. The first four natural frequencies
conservative and nonconservative form

Figures 5 and 6 present estimates of the ¢
follower and “dead” loads, divided, into five s
cylinders (over), while open marker

the curves presented in Figs. 5, 6 wer:

306

the number of segments. The material of all segments
= 7850 (steel, grade 3). The total length of the rod is L =1 m,

e computed for various values of the compressive force in both
clamped base).

| load for a conical rod, clamped at the larger-diameter end, under

ents. In all figures, solid markers correspond to circumscribed
respond to inscribed cylinders (inner). To refine the values of the critical load,

roximated by second-order parabolas using the least squares method.

\

10

1/c
.-l"".“‘-'

-

o

 m m—w
-

w=u o | over
‘ 000 w2 INner
L
] 0.1 0.z 0.3 0.4
IT (DI}

—l

Fig. 5. Estimate of the critical load (five segments n = 5, “dead” load)


http://www.engineeringscience.rs/

Journal of Applied Engineering Science 3 N Thi Minh Thao Hoang et al. - Critical load interval
Vol. 24, No. 3, 2026 B estimation for variable-stiffness rods using the
www.engineeringscience.rs | publishing | i@l parameter method

G 1T

nmm o | OvVer
e o 2 OVEr
s52 m ] inner

see w2 inner

<10

l/c

/
[/

2 lI

A
@

Fig. 6. Estimate of the critical load (five segment 5, follower load)
For non-conservative problems, the approximation was constructed along bot nches of the semi-loop in the form:
N(w) = ay + a;w + a,w? (21)
and the critical load was determined as the point of maximum:

dN(w)
Ner: dw

=0 Wmax = —

2N, = ap — L, (22)

For conservative problems, the approximation was ormed along the descending branch of the parabola in the
form:

w(N) = by + byN + b,N?, (23)
and the critical load was determined as the positive root e parabola:
Ney: @(N) = 0 = Ny = ——(%by £ /b7 — 4bob; ). (24)
The results of the estimation are present Table 1.
ble 1. Criticahload estimation for a conical rod
N servative problem Conservative problem
Number of segments
Noyer, MN nner» MN s Nover, MN | Nipner, MN 8
2 0.1105 0.2761 0.428 0.0491 0.0215 0.391
5 5 0.2577 0.120 0.0400 0.0322 0.108
10 0.23 0.2240 0.033 0.0397 0.0347 0.067
20 .2301 0.2393 0.020 0.0384 0.0358 0.035

The relative err
to their sum:

ated as the ratio of the difference between the upper N, and lower N,,., estimates

— Nover —Ninner (25)

Nover +Ninner

ented in the table show that, for a conical rod clamped at its base, the estimates obtained using the
scribed and inscribed cylinders converge; moreover, within the considered numbers of partitions,
the conve e is monotonic. This fact indicates that the IPM provides a simple and effective approach for
evaluating the critical load of a rod with a variable cross-section in both conservative and nonconservative
formulations.

For conservative systems, the monotonic character of the lower and upper estimates follows naturally from the
stiffness ordering of the inscribed and circumscribed approximations. In the non-conservative formulation with
follower loads, the loss of stability is associated with a dynamic bifurcation process; nevertheless, the same
monotonic behavior is preserved because the proposed discretization modifies the distributed bending stiffness while
maintaining the continuity and ordering of the corresponding influence matrices. As the number of segments
increases, the piecewise-constant approximation converges uniformly to the original continuous stiffness distribution,

8
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and the associated eigenvalue problem converges to the exact non-conservative system. Similar convergence
behavior of discretized non-conservative systems has been discussed in the classical theory of elastic stability and
dynamic rod systems [3,4].

It can also be observed from Table 1 that, for a small number of discretization segments, the relative jnterval in the

stability effects. Consequently, coarse discretization introduces larger perturbations into the corresponding stability
operator, resulting in slower convergence of the estimated critical load interval.

We consider a sequence of problems arising in the determination of the critical loadyef a rod formed by rotating a
plane curve about an axis, where the curve is symmetric with respect to midpoint of the rod (Fig. 7).

r(x)

L
el

&
«

.
v

Iy

| €

As an illustrative example, a rod is considere urface is generated by rotating a sinusoidal curve about
the axis:

/X

r(m) =1y + fsin (26)
The parameter f may take both positive and negative values,
(f > 0)oraconcave profile ( f < 0).

During preliminary computations, it w tablished that the procedure for estimating the critical load described in
Section 2.3, when applied to the rod sh in Fig. 7, converges more slowly than in the case of a conical rod.
Specifically, as seen in Table 1, an approximation with 20 discretization elements already yields a relative interval of
0.035 of the mean value, reas achieving a comparable interval on the order of 0.01 requires approximately 200
subdivisions.

Table 2 presents anyestimate of‘the critical load for the rod in Fig. 7 under various boundary conditions and for
different values of the"parameter f (note that negative values correspond to a concave profile).

Table 2.

which possesses the aforementioned prope
thereby defining either a convex profi

critical load for the rod shown in Fig. 5 under various boundary conditions with
discretization into 198 segments

Boundary conditio Relative sagitta f/r, Ninner» KN Nyper, KN 1)
-0.75 1.973 2.041 0.0170
-0.50 22.57 22.96 0.00841
p 0 (cylinder) 248.1 248.1 0
0.50 958.3 970.2 0.00618
0.75 1581 1610 0.00914
1.0 2421 2480 0.012
. -0.75 12.47 13.15 0.023
% -0.50 81.02 83.13 0.013
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Boundary conditions Relative sagitta f /1, Nipner» KN Noyer, KN é
0 (cylinder) 507.5 507.5 0
0.5 1535 1559 o777
0.75 2362 2417 .011
1.0 3442 3542 0.
-0.75 8.269 8.437 0.0250
-0.5 13.50 14.18 0.0100
- 0 (cylinder) 62.02 62.02 0
0.5 1556.5 158.8 0.0110
0.75 208.9 0.0160
1.0 263.5 0.0231
-0.75 33.99 0.023
-0.50 963.5 987.0 0.012
77+ 0 (cylinder) 992.1 92.1 0
0.5 8 2711 0.00795
0.75 4054 0.011
1.0 562 5793 0.014

Note: The following notation for boundary conditions is used in the table: Z — fixed (clamped) end, S — hinged (pinned)
support, F — free end. The first letter corresponds to beginning of the rod, and the second to its end.

imation procedure depends on the absolute value of the
n this parameter is doubled, the relative interval for
Il boundary condition schemes. The lower and upper
asing parameterf, which is consistent with the intuitive
rod According to this concept, the critical load is governed by the

. 3). The achieved level of error (on the order of 0.01-0.03) is
ed procedure for determining the critical load is universal with

relative excess of the mean radius over the minim
determining the critical load § also approximately dou
estimates of the critical load increase monot
understanding of the stability loss of a compo
least stiff element in the system (see, for examp
quite satisfactory for practical applicatio
respect to both boundary conditions and th ture of the problem (dead or follower load).

The algorithm is straightforward toimplement g general-purpose mathematical software packages; in particular,
Mathcad was used in this study. At ame time, the proposed procedure is fully portable to high-level programming
environments such as MATLAB or Py since the formulation is based primarily on recursive matrix operations
and standard eigenvalue analysis. This portability makes the method attractive for integration into automated design,
optimization, and uncertainty-analysis workflows for structural systems with variable stiffness.

Compared with standard es, the proposed IPM formulation avoids complex meshing procedures and
relies primarily on recursive atrix operations with fixed-size matrices. The computational effort increases
approximately lineagly with the ber of discretization segments, which makes the method suitable for refined
[ s with variable stiffness. In contrast to conventional FEM formulations, the proposed
eated global mesh generation or assembly of large sparse stiffness matrices for each
efore, the method is computationally convenient for automated design studies and
varlable stiffness rod models.

re

solutions of differential equations with variable coefficients.

The method applies to both stepped and continuously varying rods, providing reliable upper and lower bounds for
critical loads in conservative and non-conservative problems under various boundary conditions. Numerical results
demonstrate monotonic convergence of the estimates, with relative deviations below 1-3% for sufficiently refined
discretizations. The approach applies to both conservative and non-conservative problems under various boundary
conditions, confirming its versatility for stability analysis of structural elements with variable stiffness.

The present approach is limited to linear elastic rod theory and small deformations. In addition, rods with rapidly
varying cross-sections may require a relatively large number of segments to obtain narrow estimation intervals.
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Future work may include extending the proposed approach to nonlinear material behavior, time-dependent loading,

and more complex structural systems.
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