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The article deals with the estimation of the dynamic increase of stresses in the element made of the 
composite two-component  material such as reinforced concrete, that appears when local destruc-
tion of the concrete matrix (crack formation) occurs. When the brittle fracture of the concrete occurs 
the stresses acting in the stretched concrete are transmitted to the reinforcing bars instantaneously 
that leads to longitudinal oscillations. In this moment stresses acting in the reinforcing bars can be 
higher than ultimate stresses. Hence progressive collapse of a structure is possible. It is presented 
general solution of the forced longitudinal oscillations problem. Displacement and stress increment 
equations are given. General solution is illustrated by analysis of a progressive collapse of a large-
panel folded shell when local destruction of concrete matrix in the tightening element occurs.
Key words: Longitudinal oscillations, Progressive collapse, Stresses, Matrix, Dynamics, Dynamic 
Effects, Concrete, Composition

INTRODUCTION

The buildings and structures that were built in the 
past decades were designed on the basis of the 
normative documents which acted at that time. 
However, when it requires the residual resource 
estimation or strengthening, engineers must ap-
ply current building codes and regulations, which 
have significantly expanded the range of possi-
ble loads and impacts, including emergency im-
pacts. It is known that if the operating conditions 
in such a two-component material as reinforced 
concrete are violated, degradation processes in 
concrete and reinforcement are possible and, 
as a result, sudden brittle failure of the concrete 
matrix occurs. When it analyzes the resistance 
to progressive collapse of structural systems, 
which are made of reinforced concrete, in the 
cases of emergency situations caused by the 
sudden failure of one of the system’s bearing el-
ements [01, 02, 03, 04, 05], it is necessary to re-
search dynamical increasing of stresses in its el-
ements. Quantitatively, these increases depend 
on a wide range of factors, such as the topology 
of the structural system, the location of the fail-
ure element, the level of loading of the system, 

and others. For reinforced concrete structures, 
as it is shown in [06], one of the most important 
factors is the composition of the material of the 
structure. 
For this reason, the article describes the defini-
tion of dynamical increasing of stresses, which 
arising into the reinforcement of two-component 
composite rod elements when local brittle frac-
ture of a concrete matrix occurs. When the brittle 
fracture of the concrete occurs, the stresses act-
ing in the stretched concrete are transmitted to 
the reinforcement. Due to the instant transmis-
sion of these stresses the longitudinal oscilla-
tions arise in the reinforcing bar, and the mag-
nitude of the dynamic stresses may exceed the 
design tensile strength of the steel.
In the monograph [01] and articles [06, 07] the 
solution of such problem was obtained in a qua-
sistatic formulation based on the energy prin-
ciples proposed by G.A. Geniev and etc. [08]. 
There is not solution of such problems in a dy-
namic formulation at this moment, although it 
can become a test for the verification of approxi-
mate solutions of a wide class of practically im-
portant problems. So, we consider the case of 
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local fracture of a matrix in a centrally stretched 
composite rod element, using equations of the 
structure dynamics.

RESEARCHES AND RESULTS

Using the methodology of [01, 09, 10], we obtain 
a differential equation for the forced longitudinal 
oscillations that arise in a two-component com-
posite rod element when the matrix is suddenly 
destroyed. As a result two-component element 
is divided into at least three sections: only the 
reinforcing bar remains in the cross section with 
a crack and there are two reinforced concrete 
elements on the both sides of the crack. For the 
i-th section of such composite rod element, as 
it shown in the Figure 1, the partial differential 
equation of motion can be written in the form:

(1)

Where P is the externally applied force, u is the 
displacement function, ρ is the reduced density 
of the two-component material, E is the matrix 
deformation module of the element 2, i is the 
number of the rod element sections  the cross-
sectional tensile stiffness of which  is constant; 
Ai is the reduced cross-sectional area of the i-th 
section; x is the coordinate of the section; τ is 
time. It is should be noted that the force P, which 
is transmitted from the concrete matrix  to the 
reinforcing bar at the moment of crack formation 
is written to the right side of equation (1) as the 
inertial force.

Figure 1: Dynamic equilibrium of an elementary region of a two-component rod element

We introduce dimensionless variables and pa-
rameters to obtain more general solution of the 
problem:

Then we obtain:

(2)

The solution of the inhomogeneous differential 
equation consists of the solution of the corre-
sponding homogeneous equation and some par-
ticular solution.

SOLUTION OF THE HOMOGENEOUS  
EQUATION

(3)

We write the displacement function as             
                            to divide the variables. In this 

case we obtain:

(4)

where                   ω– natural oscillation fre-
quency.
Since the solution of the characteristic equation 
is the non-conjugate complex roots, then

(5)

If this equation is differentiated by ξ, then the lon-
gitudinal force in the i-th element takes the form

(6)

Formulas (5) and (6) take a matrix form:

(7)

Where X is the matrix which characterizes dis-
placements and forces in the section of the 
structural element, C is the matrix of coefficients

326

Vitaly Ivanovich Kolchunov - Dynamic effects in a composite two-component  
rods which appear when local fracture of the matrix is occurred

, 449



Journal of Applied Engineering Science  15(2017)3  

If state of the system in the initial section of the 
i-th segment is characterised by the matrix Xi0, 
then

(8)

From (8) we obtain Ci

(9)

Substituting formula (8) into (7) we obtain the 
matrix of the arbitrary section state for the i-th 
section.

(10)

where

The state vector of the end of the i-th section for  

takes a form:

Where xi is the distance from the origin to the 
right end section of the i-th section.
Continuity equations of displacements and forc-
es for the section ξ=li of i segment and (i+1) seg-
ment have the form

Additional equations can be obtained from the 
boundary conditions

In this case the state vector of the m-th segment 
for ξm =lm: 

where S(mlm   is the matrix that describes influ-
ence of initial section to the end section.
If we write S(mlm) in the form

(11)

then

Values of λ for the corresponding forms of os-
cillations can be obtained approximately, if we 
substitute boundary conditions into the formula 
(11).

GENERAL SOLUTION OF  
NON-HOMOGENOUS DIFFERENTIAL  
EQUATION

We represent the general solution of the non-ho-
mogeneous equation (2) in the form of a series 
expansion in eigenfunctionsUin (ξ) with unknown 
functions Qin (τ) as coefficients:

(12)

Solving equation (2) with respect to the equa-
tions (12) and (4) we obtain:

Multiplying equation (13) and Uin(ξ), integrating 
with respect to ξ from li-1  to li and using the 
property of eigenmodes orthogonality, we obtain 
a differential equation for the functions Qin(τ):

(14)

where

Integral of the equation (14) has the form

(15)

Substituting formula (15) into (12) we obtain dy-
namic displacement function for i-thsegment of a 
composite rod for the situation when local frac-
ture occurs suddenly.
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It is should be applied initial conditions for τ = 0 
to obtain the parameters C3in  and C4in:

(16)

where

thus, we obtain

Differentiating equation (16) with respect to ξ, 
we obtain the expression for the dynamic incre-
ments of the longitudinal force in the reinforcing 
bar when the local destruction of the concrete 
matrix occurred:

As an example, it can be considered the calcula-
tion of the dynamic increasing of stresses, that 
acting in the tightening element of a large-panel 
folded shell as it is shown in the figure 2, the 
constructive solution of which is given in [11, 
12]. The initial characteristics of the construc-
tion materials have the follow values: concrete 
B45, Rb,ser = 2.25 MPa (γb = 1), reinforcing bar 
class A-V (A800), Rs,ser = 785 MPa. Tightening 
section equals h × b = 140 × 110 mm, length 
equals L = 24 m. The prestressed reinforcement 
has area Asp = 6.158 × 10-4 m2 (one reinforcing 
bar with diameter equals 28 mm). The force of 
crack formation is Ncrc = 468.3 kN, that includes 
compression force P01 = 419.6 kN (at initial con-
trolled stress σsp= 741.7 MPa <0.95 Rs,ser in 
accordance with [13]) . The force acting in the 
tightening element is caused by the external 
load H = 475 kN. Since the force in the tighten-
ing element which is caused by external load is 
greater than the force of crack formation H = 475 
kN>Ncrc = 468.3 kN, then a crack is formed in 
the element, i.e. there is a local destruction of 
the concrete matrix, and there are longitudinal 
oscillations in the reinforcing bar.

(18)

DYNAMIC STRENGTH ANALYSIS  
OF A LARGE-PANEL FOLDED SHELL

(a)

(b)

Figure 2: Large-panel folded shell: a) computationalmodel, b) forces in the danger section at the moment of 
a crack formation
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We suppose that the lower element of large-
panel folded shell is divided into three segments 
at the moment of crack formation. These seg-
ments include only the reinforcing bar in the sec-
tion with a crack and two reinforced concrete 
elements on both sides from the crack. Then 
we can find the forms of the natural longitudinal 
oscillations, using the relations (5) and (6) for the 
i-th section. The state vector of the first segment 
has the form:

state vector of the second segment:

state vector of the third segment:

We introduce the following notation:

Then: 

The forms of oscillations of the segments take 
the form:

Variating λn values we find that ones which sat-
isfy the boundary conditions for the end sections 
of the tightening:

Figure 3: Relationship Nn-1d –t for the reinforcing bar (element 1) in the section 
with a crack

Keeping the first ten forms of natural oscillations 
we find the values of the parameters C3in. Substi-
tuting these ones in (18), we obtain the dynamic 
forces which arising in the reinforcing bar when 
the sudden local destruction of the concrete ma-
trix occurs. Relationship between dynamic force 
and time is shown in the Figure 3.
The nature of the graph of Nn-1d  – t in the figure 
3 is caused of superposition of the first ten oscil-
lation modes. The greatest value of the dynamic 

longitudinal force in the reinforcing bar is Nn-1 
^d  = 545.4 kN (this one is achieved at the time τ 
= 4.2 (t = 0.028 s). Hence the dynamic increas-
ing factor to the reinforcing bar takes the value-
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where Nn^s=P01 +2αRbt, serAsp, α = Es/Eb,   
Es – modulus of elasticity of steel, Eb – initial 
tangent Modulus of concrete.
Since the duration of the dynamic action is 
td = 0.028 sec the reinforcing bar is  strength-
ened. The ultimate dinamic force that destroy 
reinforcing bar is Ndult= φs∙Rs,ser ∙ γs∙Asp = 
1.65∙785∙1∙6.158 = 797.6 kN>”N” _”n-1” ^”d”  = 
545.4 kN , where φs = 1.65 is a coefficient that 
takes into account the dynamic increase in the 
yield point and determined from the diagram φs 
- ω0∙td [01]; ω0 = Es / K; K - modulus of viscous 
resistance of reinforcing bars.
Thus, as a result of instantaneous local destruc-
tion of the concrete matrix, the reinforcing bar 
of the tightening element of the large-panel 
folded shell with the accepted level of the initial 
controlled stresses σsp = 741.7 MPa is not de-
stroyed.
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