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The article describes the stability analysis of elastic orthotropic rectangular plates with combined
boundary conditions (combination of simple supporting and clamping along the sides). The external
load compresses a plate along all over the contour. Authors propose to apply the form factor interpola-
tion method (FFIM) to calculate the critical load of buckling. The FFIM is based on the functional rela-
tionship between integral geometric parameter of the midplane such as the form factor and the critical
force of the buckling. It was obtained the approximate analytical expressions for the critical force of
orthotropic rectangular plates. The form factor and the flexural stiffness ratios are parameters of these
approximate expressions. The calculation results are compared with the FEM solutions obtained in the
program SCAD Office and demonstrate good accuracy. The proposed approach can be extended to

other forms of plates, boundary condition combinations, as well as the types of loading.
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INTRODUCTION

A stability analysis is one of the main problems,
which must be solved by engineers, when they
design plates or thin-walled rods. In the both cas-
es the problem can be described by the stability
equation of the plate theory. Basic positions of
this theory were formulated by Timoshemko S.P.,,
Volmir A.S. [01, 02] and etc. However, there are
a range of engineering problems, which require
of analysis.

LITERATURE REVIEW

The variational method and the asymptotic meth-
od dominate among the analytical methods now.
Dmitrienko Yu.l. [03] derived asymptotic stabil-
ity equations of laminated plates theory. Author
used asymptotic expansion to small geometric
parameter (thickness to length ratio) row. Belous
A.A. and Belous V.A. [04] analyzed buckling of
rectangular plate for different variants of loads.
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stresses and strains. These relationships can
be used to solve different stability problems of
plates and shells theory.

In the paper [05] authors used the iteration meth-
od to obtain the critical load for clamped plate,
which is compressed in one direction. Lopatin
A.V. and Avakumov R.V. [06] used the finite ele-
ment method to stability analysis of plates, two
sides of which are not supported. The articles
[07-09] describes local buckling of the thin wall
of | — beams.

Thus, it can be concluded that almost all ana-
Iytical solution are obtained for rectangular or
circle plates. When it is necessary to analyze
plate with other shape of the midplane it is ap-
plied numerical calculation methods which are
realized in computer programs. However in this
case it requires paying attention to direction of
local axes of each finite element since it can be
wrong if triangulation is automatical.

Therefore, the authors of this paper suggest us-
ing the form factor interpolation method (FFIM)
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analyze stability of elastic orthotropic plates. The
form factor interpolation method is based on the
functional relationship between the integral char-
acteristics of the plate: geometric (form factor)
and mechanical (maximum deflection, frequency
of natural oscillations, critical force of buckling)
[10]. It is should be noted that a form factor is a
contour integral of the plate midplane:
. rds
K, = mlnf vy
where ds is the elementary section of the con-
tour of the plate midplane, h is the perpendicular
to ds from a certain point that is called the pole

and should be chosen so that the value of Kf is
minimum.

As it is shown in the paper [11] conformal radi-
uses ratio can be used as a geometric analog of
the integral mechanical characteristics of plates
too. However, this parameter is not applied to
stability analysis at the moment.

A.V. Korobko and A.V. Chikulaev [12, 13] apply

the FFIM to the stability analysis of shallow and
spherical isotropic shells. In the papers [14-16]

authors use the form factor interpolation method
to the solution of dynamics and statics prob-
lems of orthotropic plates. That allows us to ex-
tend the FFIM to stability analysis of orthotropic
plates. One of the main paths of the method de-
velopment is obtaining of the boundary surfaces
of the critical force for the basic forms of plate
midplane such as rectangles, rhombs, triangles,
polygons.

METHODS AND MATERIALS

In this article we present the solution of the sta-
bility problem for rectangular elastic orthotropic
plates which have combined boundary conditions
(combination of simple supporting and clamping
along the sides) as it is shown in the figure 1.
Plates are compressed by the evenly distributed
load all over the contour. We used program Ta-
ble Curve 2D and 3D to obtain approximate ana-
lytical relationship between form factor, flexural
rigidity ratios and critical force. Initial dates were
obtained in the SCAD Office program (based on
the FEM) to rectangular plates with side ratios
0.1, 0.2, ..., 1 and flexural rigidity ratios Dx/H = 1,
2..5DyH=1,2...5.
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Figure 1: The variations of boundary conditions for rectangular plates

RESEARCHS AND RESULTS

Stability equation is well known from thin plates
theory [17]:
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where H=D1 + 2ny, D1=DXVy=DyVX.

No is parameter which characterize critical force
of buckling; D_, D , D y are flexural rigidities; V.,
V Poisson’s ratlos a, y, B are coefficients from
equalltles Nx= aNo, Ny=BNo, Nxy=yNo (Nx, Ny,
Nxy are internal forces).
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If a plate is compressed by load that evenly dis-
tributed along the contour then the stability equa-
tion takes the form:

ow o, dw
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We divide equation to flexural rigidity H and take
the follow substitution

A

K =N -"—;

Vel
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In this case we obtain the differential equation: we obtain Kn values for rectangular orthotropic
plates with side ratios a/b = 0.1, 0.2, ... 1 and

fwo tw fwootw o tw flexural rigidity ratios D /H=1,2 ... 5, D /H =1,
7716_4+2W+;)20_4+Kna—2+}(n6—2:0 3) 2 ... 5. The results are presented in the Figures
X X0y y X y 2 and 3.

where Kn is function of dimensionless critical
force. Using the FEM (SCAD Office program)
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Figure 2: Diagram Kn - flexural rigidity ratios for a rectangular plate with side ratio a/b = 0.5 and boundary

conditions corresponding to the diagram “a” in the figure 1
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Figure 3: The graph of Kn - Kf when boundary conditions correspond to the scheme “b” in the figure 1

The graph’s form in the figures 2, 3 shows that flexural rigidities ratio. Thus we find parameter
there is functional relation of Kn, form factor and  Kn in the form

2 2 3 3 ) 2
K, =a,+ay+ayn, +a,n +asn, +ag, +an, +ay, +agn, +an, Y

where ai is parameter which depends on a form  We propose to obtain parameters of formula (4)
factor [10] as it is shown in the figure 3,b. in the following form:
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n where An is coefficients that depend on the
a,=>AK"" 3) boundary conditions of a plate. An values are
/=1 presented in the tables 1 - 4.

Table 1: The parameters An in the formula (5) for combined boundary conditions that is shown in the Figure 1,a

The parameters a in the formula (4)
al a2 a3 a4 a5 a6 a7 a8 a9 a10

n (5)

1 -2,1510% | -4,76+10" | 4,36108 -5,09+10” | -4,07-107 | 8,7310" | -6,2810° 6,59:10° -3,20+10° | -6,31-10°

2 2,82.10% | 7,49:10" | -6,52:10 | 7,50-10° | 6,17-10° | -1,56+10" | 9,4510° -1,10108 4,52:107 8,88:10"

3 | -1,54+10" | -517-10" | 4,23-10" | -4,77-10" |-4,06-10"| 1,23+10" | -6,17-10" | 7,97-10° -2,73+10° | -5,34-10°

4 | 4,70-10" | 2,09-10"® | -1,59.10™ | 1,75+10" | 1,55:10" | -5,66+10" | 2,34+10"2 | -3,34¢10" | 9,37-10" | 1,83+10"

5 |-8,86-10" | -5,56-10" | 3,85-10" | -4,15-10" |-3,82:10™| 1,7010" | -5,72:10" | 9,04-10' | -2,05-10" | -3,97-10"

6 1,08-10™ | 1,03-10" | -6,38:10" | 6,71-10" | 6,45-10" | -3,52-10"® | 9,57+10" | -1,6610™ | 2,98.10" | 5,75.10%

7 |-853+10™ | -1,35¢10%® | 7,39-10" | -7,5610" |-7,62:10) 5,118+10" -1,12-10% | 2,12-10" | -2,95-10™ | -5,66-10™

8 4,24+10" | 1,29-10%" | -6,01-10"® | 5,97-10" | 6,31-10"" | -547+10® 9,21+10" | -1,89:10" 1,96+10" | 3,74+10%

9 |-1,20-10% | -8,84.10%" | 3,36-10" | -3,24-10"® |-3,60-10"®| 4,12+10" | -5,22:10" | 1,16:10"" | -8,41-10" | -1,59:10"

10 | 1,49-10® | 4,25:102 | -1,24+10%° | 1,15¢10" | 1,35¢10"% | -2,17-10%° | 1,94+10"® | -4,62-10" | 2,11+10% | 3,96-10'®

1 -1,362102 | 2,70+10%° | -2,43+10" |-3,00-10"| 7,55-10% | -4,29.10" | 1,09-10" | -2,34+10"® | -4,37-10°
12 2,62:10% | -2,65°1020 | 2,29¢10' | 3,00+10" | -1,57+10?" | 4,25+10" | -1,1510"
13 -2,28+10% 1,4810%

Table 2: The parameters An in the formula (5) for combined boundary conditions that is shown in the Figure 1,b

The parameters a in the formula (4)

n (5)
al a2 a3 a4 ab a6 a7 a8 a9 al0

1 -4,01-100% | 5,51-108 2,69:10% | -1,66-10® | 8,81-107 | -1,04-10® | 1,03-10" | -1,13+10" | -9,98.10% | 2,26-10"
2 5,98.10" | -8,22+10" | -2,88¢108 | 2,47+10" | -1,32¢10" | 1,5610" | -1,5310° 1,69-10° 1,57+10" | -3,3810°

3 -3,87-10" | 5,32¢10'2 | 1,01-10" | -1,60-10" | 8,58+10" | -1,01-10" | 9,92+10' | -1,10-10" | -1,08:10" | 2,19+10"

4 1,44¢10™ | -1,99¢10" | -1,84¢10" | 5,98-10™ | -3,23-10™ | 3,78+10" | -3,71+10" | 4,14+10" | 4,39:10" | -8,19:10"
5 -3,49-10" | 4,82¢10" | -8,99-10 | -1,45.10" | 7,85-10" | -9,15-10" | 8,96+10"™ | -1,01-10" | -1,16+10"® | 1,98-10"
6
7

5,75¢10" | -7,96-10" | 3,15¢10™ | 2,39.10" | -1,31+10"® | 1,51+10'® | -1,48+10" | 1,68+10" | 2,15-10'"" | -3,28+10"®
-6,63+10"7 | 9,20-10" | -5,67+10" | -2,76210" | 1,52:10"" | -1,75-10"" | 1,71+10" | -1,95¢10'¢ | -2,83+10" | 3,79-10°

8 5,36°10" | -7,46+10™ | 6,32:10" | 2,24+10" | -1,24+10"® | 1,42:10%® | -1,38¢10"" | 1,59.10" | 2,70-10" [-3,07-10"

9 -2,98+10" | 4,16-10" | -4,53+10"" | -1,25:10" | 6,96-10" | -7,92.10® | 7,71+10" | -8,95-10" | -1,85+10%° | 1,72+10®
10 1,09¢10% | -1,53:10% | 2,04+10'® | 4,58-10" | -2,57-10" | 2,91-10" | -2,83-10% | 3,31-10%® | 8,87-10% | -6,30-10"
i -2,37-10%° | 3,32¢10% | -5,27-10" | -9,96210" | 5,63:10" | -6,32:10" | 6,14+10" | -7,24.10"® | -2,84+10%' | 1,37-10"
12 2,30210%° | -3,25-10% | 5,99+10%" | 9,73¢10" | -5,54:10" | 6,1810" | -5,99+10" | 7,13.10® | 5,45:102" | -1,34+10"
13 -4,76+10%"
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Table 3: The parameters An in the formula (5) for combined boundary conditions that is shown in the figure 1,c

n(s)

The parameters a in the formula (4)

al

a2

a3l

a4

as

a6

ar

as

a9

a10

715408

2174108

6,94+108

-6,684107

-2,26+108

1244108

6,62+10°

2644107

-5,56+10°

1844107

1,06+10"

-3,23+10'0

-1,03+10"

9,91+10°

3,35¢100

185410

9424107

-3,92+410°

7.84¢107

-2,74410°

-6,85+10"2

2,08+10"2

6,63+10"2

-6,36+10"

-2.15+10"2

-1,20110"2

5,74+10°

2,52410"

-4,72410°

176+10"

255410

-7,73410"

-2.46410™

2,36+10"

7,09+10"

4,48+10"

-2,00+10"

-9,36+10"2

162+10"

-6,58+10"2

6,13+10"

186101

5,02+10'

-5,66+10™

192410

-1,08+10"

443410

225410

-3,53+10"2

158410

1014107

-3,05+10'6

-9,71+10'6

9,27+10"

314410

179410

-6,60+10"

-3,68+10'9

5,14+10"

-2,61+101

-1,16+10"8

3,50+10"

1114108

-1,06+10"

-3,59410"

-2,0710"

6,73+10™

4,21+10'

-5,00410™

3,0001016

9,30+10"

-2,81+10'8

-8,04+10"8

8,49+10"

2,88+10"8

168410

-4,68+10"

-3,38410"

341410

-242:10"

Ol | NIl o | Bl —~

-5,15+10"

155410

4,94+10"

-4,68+10"8

-1,59+10'

-9,35+10"8

2,15+1016

187+10'

-1,48+10'6

1344108

—_
o

1.87+10%

-5,65+10'

-1,80+10%

169410

5,77+10"

343+10"

-6,12+10'6

-6,78+10"8

382+1010

-4,89+10"8

—_
—_

-4,04410%

1.22+10%

3,87+10%

-3,63+10"

-1,24+10%

-745410"

9,24+1016

146+10"

-4,70+10'

1,06+10"

—
N

3,02410%

-1,18+10%

-3,74+10%

3,50+10"

1.20010%

72810

-4,90+10"

1,41410"

9.47+10"

-1,03+10"

Table 4: The parameters An in the formula (5) for combined boundary conditions that is shown in the figure 1,d

0 The parameters a in the formula (4)

al a2 a3 a4 as a6 ar as a9 a10
11837107 | 118410 | 15110% | 27910% | 177108 | 48310% | 558107 | -2.86+107 | 257107 | -146+10°
2| 12240" [-172440"] -2.26+10" | -416+10" | -2,6310" | 72010 | 834410° | 4274107 | -38210° | 2,30+10"
3| -77040" | 1,09410% | 1,46+10" | 27010 | 17010" | -4,66+10" | -540410" | 27610 | 246410 | -159+10"
4| 27940 |-3.9410" | -546410" | -1,0110™ | -63710" | 174010™ | 2020 | 10310" |-9,1910| 646+10"
5 | 65310 | 9.19+10" | 132410 | 24510 | 15410 | -42010% | -48910™ | -24910™ | 221410™ | -1,72410"
6 | 1,0410% |-146+10"| -2,18+10% | -406+10" | -254+10% | 69310 | 80910% | 412:10™ |-36410" | 319+10"
7| 1,1540" | 16140" | 252410" | 47440" | 2.9410" | -8,0010" | 935100 | 475410 | 419410 | 4224108
8 | 886410 |-125110 | -2,04410"8 | -383+10® | 2384108 | 647410% | 75840 | 384010 [-33810" | 40410
9 | 46910" | 6,60110" | 114410 | 2,14110" | 133110 | -360+10% | -4,24010% | 2,14010% | 1,88410% | 277107
10 | 1,62410% |-22010% | 4,17410" | -7.8810" | 486410 | 13210% | 156410 | 785410" |-6:8510" | 1344107
1] -331110" | 466410" | 9,0510% | 1724402 | 1,06+100 | -2,86+10P | -33810" | 1,700 | 14810" | -4,30+10
12| 30110 | 4.24410% | -88310" | -1,69+10% | -1,0310% | 2794107 | 331410™ | 1,66+10" |-144010™| 8314107
13 7,280

Substituting reference parameters An from the
table 1 to formula (4) with respect to (5) we ob-
tain critical force of critical force to plate in the
form of a rectangular. Comparing FFIM results
with the FEM we obtain the following results:

Journal of Applied Engineering Science 15(2017)3, 450

for A scheme error not exceed 2.99 %;
for B scheme error not exceed 2.93 %:;
for C scheme error not exceed 2.12 %;

— for D scheme error not exceed 3.31 %.
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CONCLUSION

Summarizing the results it can be obtained the
following conclusions:

The form factor interpolation method is shared to
stability analysis of elastic orthotropic rectangu-
lar plates the opposite sides of which are simply
supported and two other sides are clamped or
simply supported.

The functional relationships of critical force, form
factor and flexural rigidity ratios are obtained

The researching results are compared with the
FEM and demonstrate good accuracy

Proposed methodic can be extended to stabil-
ity analysis of plates with other form of the mid-
plane, boundary conditions and loadings.
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