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The stability of heavy vehicles is an issue that has been worked on in recent times. For this, several models that allow 
to determine how prone a vehicle is to rollover have been developed. However, most of these models use fixed loads 
to take their measurements without including shifting loads that in certain cases decrease the stability of the vehicles. 
With this in mind, this article proposes a two-dimensional kinematic model to determine the Static Rollover Threshold 
(SRT) using the Davies Method as an analysis tool. Lastly, a case study is carried out to determine the influence of 
the load on the reduction of vehicle stability.
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INTRODUCTION

The transport of liquid cargo is often dangerous since 
due to its movement, the load distribution on the vehicle 
easily shifts, causing cases serious accidents in some 
cases. It is because of this that different shapes and tank 
configurations are used to transport liquids. Taking  the 
aforementioned into account, one of the main causes of 
accidents for these vehicles are rollovers when they take 
a curve, which causes the inertial force of the load to act 
a way that makes the vehicle lose  balance and over-
turn. Authors such as [1] and [4] have developed models 
to determine how the tank’s filling percentage and the 
movement of the transported fluid can affect vehicle sta-
bility. Other authors such as [5], [6] have calculated the 
stability of these vehicles using the Tilt Table test. How-
ever, in the present model all these aspects are integrat-
ed using the model developed by [7], in which the Davies 
method [8], [9] is used. This technique allows calculating 
the kinetics of the mechanism taking into account sever-
al vehicle characteristics. Therefore, this paper presents 
the implementation of a kinematic model to determine 
the Static Rollover Threshold (SRT) using the Davies 
method (Chapters 2 and 3), followed by a case study. 
The results of this factor’s calculation will be presented 
in detail. Finally, the conclusions of this study are shared.

MOVEMENT OF FLUID WITH UNIFORM
ACCELERATION

The equations that describe the linear movement of an 
incompressible fluid inside a circular tank subjected to 
uniform acceleration (Fig. 1) are the continuity equations 
and the momentum conservation equation [10], which is 
presented in the Eqs.1 and 2 

Figure 1: Fluid in acceleration in tank of circular 
cross-section

∇ ∙ 𝑣𝑣 = 0 (1)
and

𝜌𝜌 �
𝜕𝜕𝑣𝑣
𝜕𝜕𝜕𝜕

+ 𝑣𝑣 ∙ ∇𝑣𝑣� = −∇𝑃𝑃 + 𝜌𝜌𝜌𝜌 + 𝜇𝜇∇2𝑣𝑣 (2)

Where υ is the fluid velocity [m/s], P is the fluid pressure 
[Pa], ρ is the fluid density [kg/m3], µ is the viscosity of 
the fluid [Pa.s], and g is the acceleration due to gravity 
[m/s2]. When the fluid is subjected to lateral accelera-
tion, each element of the fluid in the tank experiences the 
same acceleration, also, its velocity v is a function of time 
but not of position, Eq.2 can be rewritten as:

𝜌𝜌
𝐷𝐷𝑣𝑣
𝐷𝐷𝜕𝜕

= −∇𝑃𝑃 + 𝜌𝜌𝜌𝜌 + 𝜇𝜇∇2𝑣𝑣 (3)

Where D/Dt is the substantial derivative for a uniformly 
accelerated flow, Dυ/Dt = a and            which reduces 
Eq.3 to:

∇2𝑣𝑣 

𝜌𝜌𝜌𝜌 = −∇𝑃𝑃 + 𝜌𝜌𝜌𝜌 (4)

Equation 4 can be expressed as:

𝜕𝜕𝑃𝑃
𝜕𝜕𝜕𝜕

𝑖𝑖 +
𝜕𝜕𝑃𝑃
𝜕𝜕𝜕𝜕

𝑗𝑗 +
𝜕𝜕𝑃𝑃
𝜕𝜕𝜕𝜕

𝑘𝑘�⃗ + 𝜌𝜌𝜌𝜌𝑘𝑘�⃗ = −𝜌𝜌�𝜌𝜌𝜕𝜕𝑖𝑖 + 𝜌𝜌𝜕𝜕𝑗𝑗+𝜌𝜌𝜕𝜕𝑘𝑘�⃗ � (5)
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Considering the movement of the fluid in the y-z plane, 
Eq.5 is reduced to:

𝑑𝑑𝑃𝑃 = − 𝜌𝜌𝜌𝜌𝜕𝜕𝑑𝑑𝜕𝜕 − 𝜌𝜌(𝜌𝜌 + 𝜌𝜌𝜕𝜕)𝑑𝑑𝜕𝜕 (6)

When a tank is uniformly accelerated in the y-direction,  
the free surface will move back and forth initially; after 
some time this movement disappears, going from this 
transient state into a uniformly accelerated movement. 
The position of the liquid surface in a uniformly acceler-
ated tank is shown in Fig.1. For ρ = constant, the pres-
sure difference between two points 1 and 2 in the fluid 
is determined by integration, so that the Eq. 6 becomes:

𝑃𝑃2 − 𝑃𝑃1 = −𝜌𝜌𝜌𝜌𝜕𝜕(𝜕𝜕2 − 𝜕𝜕1) − 𝜌𝜌(𝜌𝜌 + 𝜌𝜌𝜕𝜕)(𝜕𝜕2 − 𝜕𝜕1) (7)

The vertical increase of the free surface at point 2 relative 
to point 1 can be determined by selecting these points on 
the free surface where P2 = P1 and solving Eq.7.

∆𝜕𝜕 = 𝜕𝜕2 − 𝜕𝜕1 = −
𝜌𝜌𝜕𝜕

𝜌𝜌 + 𝜌𝜌𝜕𝜕
(𝜕𝜕2 − 𝜕𝜕1) (8)

Figure 2: Road Tanker

Initially, when the vehicle takes a curved trajectory (in this 
case to the right) it can be observed that the centripetal 
inertial forces (m1ay and m2ay) are in their respective 
centers of gravity (Fig. 3), these forces make the vehicle,  
influenced by the action of stiffness of the tires and the 
load put in its suspension system, tilts in a θ angle, which 
causes the movement of the CG1 around the vehicle’s 
center of rotation (CR), then, the transported liquid as-
sumes its new horizontal position, which makes that the 
CG2 move toward its initial position, moving similarly to 
a pendulum around the tank’s geometric center. In an 
incompressible fluid with uniform acceleration in linear 
motion, the lines of constant pressure are parallel to the 
surface, the slope in the y - z plane with az = 0 can be 
determined by 

slope = −
𝜌𝜌𝜕𝜕

𝜌𝜌 + 𝜌𝜌𝜕𝜕
= −

𝜌𝜌𝜕𝜕
𝜌𝜌

= tan𝜑𝜑 (9) (9)

In order to determine the fluid’s center of gravity (CG2)  
in a circular cross-section tank  subject to uniform accel-
eration and with a certain filling percentage , the center 
of gravity’s coordinates are determined by  solving:

�̅�𝜕 =
1
𝐴𝐴
�𝜕𝜕𝑑𝑑𝐴𝐴
𝐴𝐴

 (10)

𝜕𝜕� =
1
𝐴𝐴
�𝜕𝜕𝑑𝑑𝐴𝐴
𝐴𝐴

 (11)

VEHICLE STABILITY ANALYSIS

For this analysis, the two-dimensional representation of 
the tanker truck with a circular cross-section was used 
(Fig. 2 - Section AA), in it. it can be appreciated that the 
vehicle has a fixed center of gravity (CG1), which corre-
sponds to the non-mobile weight of the vehicle (w1), and 
a moving center of gravity (CG2), which represents the 
transported fluid’s weight (w2), it is assumed by what is 
specified in section 2, that the fluid’s movement is linear. 
In order to be able to observe the fixed vehicle’s weight 
movement (CG1), a large height was used for the fig-
ures.

Figure 3: Tanker truck under the inclination angle action 
(θ)

Additionally, due to the fluid’s linear movement as a re-
sult of its lateral acceleration, the mobile load’s center of 
gravity (CG2) moves in a greater angle (θ1), first due to 
vehicle inclination (Fig. 3) and second due to the trans-
ported fluid’s movement.

Figure 4: Tanker truck under the action of the           
transported fluid’s movement

Taking into account the center of gravity movement 
specifications, it is possible to  carry out that described 
by [7],  where the two-dimensional model of the vehicle 
(Fig.5 (a)) is represented by a kinematic model (Fig.5 
(b)). Once the model is made and using the Davies 
Method as an analysis tool [11] and [13], it is possible 



Istraživanja i projektovanja za priverdu ISSN 1451-4117 
Journal of Applied Engineering Science Vol. 20, No. 2, 2022

604

Gonzalo Guillermo Moreno Contreras, et al. - Stability of tanker trucks using the Davies method 

to obtain the vehicle stability factor (SRT) and the forces 
acting in each of the developed model’s systems (suspen-
sion and tires).

Figure 5: (a) Two-dimensional model of the vehicle. (b) 
Kinematic model of the vehicle

For the implementation of the Davies method, it is import-
ant to list the joints and links, according to Fig 6, the num-
bers indicate the joints (1, 4, 6, 8, 9 and 11 are rotary joints 
on the X-axis, 3 is a prismatic joint on the Y-axis and joints 
2, 5, 7 and 10 are prismatic joints on the Z-axis) and the 
letters are the mechanism links (A - the ground, B - the left 
tire, C-D the right tire, E - axle, F-G and H-I suspension, 
and J is the tank).

Figure 6: Kinematic model of the vehicle

Screw Theory

This theory is divided into two parts, the first is the succes-
sive screw displacement method to determine the mech-
anism’s joints immediate position each time it moves, and 
the second is that which allows us to determine the rep-
resentation the forces and momentum that acts on each 
joint.

Successive screw displacement method 

As mentioned above, it is possible to determine the imme-
diate position of each of the reference points that make up 
the mechanism through this technique [13]. In Fig. 7 and 
Table 1 the screw parameters are indicated, where s is the 
unit vector along the direction of the screw axis  (Fig. 7a), 
s0 is the position vector of a point lying along the screw 
axis, θi is the rotation angle of the joint or the screw and di 
is the translation of the joint or the screw. 

Figure 7: Variables of the mechanism position.           
a) Position vector (s0). b) and c) Screw axis direction

vector (s)

In Fig. 7 and Table 1: l1,2 are the dynamic radii of the 
tires, l3,4 are the suspension height, l12 is the height of 
the CG1 above the chassis, l13 is the height of the rota-
tion point of CG2, l5 is the height of the CG2 above the 
chassis, t  is the track widths, t1 is the axle widths, and 
b is the lateral separation between the suspension’s 
leaf springs .The screw parameters allow determining 
the rotation matrices (Ai) and the position matrix (pi) 
for each joint with which it is possible to determine the 
immediate position of each joint or reference point by 
applying the successive screw displacement method, 
which is indicated in Table 2 (soi). 

Wrench

According to [9], [11] the forces and momentum pres-
ent in the mechanism are represented by wrenches, 
according to Eqs. 12 and 13, respectively

$𝐴𝐴 = �
𝑠𝑠0𝑖𝑖 × 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖

� 𝐹𝐹𝑖𝑖  (12)

$𝐴𝐴 = �𝑠𝑠𝑖𝑖0�𝑀𝑀𝑖𝑖  (13)

Where Fi is the constraint force applied on the joint i, 
s0i is the immediate position vector for reference point i 
(Table 3),  si is the wrench orientation vector, and Mi is 
the constraint moment applied to the joint i. The wrench 
can be represented in a more compact form, according 
to Eq. 14.

$𝐴𝐴 = $�𝐴𝐴Ψ (14)

Where $ ̂A is the normalized wrench and Ψ is its mag-
nitude.
 - For the proposed model, the following consider-

ations were made: 
 - For the x-direction, a steady-state model was used 

in the analysis, 
 - Road deformations and lateral friction in joint 3 was 

neglected,
 - The only forces acting in the model are the weights 

(w1 and w2) and the inertial forces (m1ay and m2ay).
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Joint or reference point
s s0 θ d

sx sy sz s0x s0y s0z

Joint 1 1 0 0 0 0 0 θ1 0
Joint 2 0 0 1 0 0 0 0 l1
Joint 3 0 1 0 0 0 0 0 t
Joint 4 1 0 0 0 0 0 θ4 0
Joint 5 0 0 1 0 0 0 0 l2

Joint 6 1 0 0 0 0 θ6 0

Joint 7 0 0 1 0 0 0 l3

Joint 8 1 0 0 0 0 θ8 0

Joint 9 1 0 0 0 0 θ9 0

Joint 10 0 0 1 0 0 0 l4

Joint 11 1 0 0 0 0 θ11 0

Joint 12 (CG1) 1 0 0 0 l12 0 0

Joint 13 (Construction CG2) 1 0 0 0 l13 θ13 0

Joint 14 (Construction CG2) 0 0 -1 0 l13 0 l5

Joint 15 (CG2) 1 0 0 0 l13 0 0

𝜕𝜕1 − 𝑏𝑏
2

𝜕𝜕1 − 𝑏𝑏
2

𝜕𝜕1 − 𝑏𝑏
2

𝜕𝜕1 + 𝑏𝑏
2

𝜕𝜕1 + 𝑏𝑏
2

𝜕𝜕1 + 𝑏𝑏
2

𝜕𝜕1

2

𝜕𝜕1

2

𝜕𝜕1

2

𝜕𝜕1

2

Table 1: Screw parameters of the mechanism

Table 2: Instantaneous position vector (s0i)

Joint or reference point
s0i

s0ix s0iy s0iz

Joint 1 0 0 0
Joint 2 0

Joint 3 y 4 0 t 0
Joint 5 0

Joint 6 0

Joint 7 y 8 0

Joint 9 0

Joint 10 y 11 0

Joint 12 (CG1) 0 tb1 h1

Joint 15 (CG2) 0 tb2 h2

−𝑙𝑙1 sin(𝜃𝜃1) 

𝜕𝜕 − 𝑙𝑙2 sin(𝜃𝜃4) 

−𝑙𝑙1 sin(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2
� cos(𝜃𝜃1)

−𝑙𝑙1 sin(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2
� cos(𝜃𝜃1) − 𝑙𝑙3 sin(𝜃𝜃1 + 𝜃𝜃6)

−𝑙𝑙1 sin(𝜃𝜃1) + �
𝜕𝜕1 + 𝑏𝑏

2
� cos(𝜃𝜃1)

−𝑙𝑙1 sin(𝜃𝜃1) + �
𝜕𝜕1 + 𝑏𝑏

2
� cos(𝜃𝜃1)− 𝑙𝑙4 sin(𝜃𝜃1 + 𝜃𝜃9) 𝑙𝑙1 cos(𝜃𝜃1) + �

𝜕𝜕1 + 𝑏𝑏
2

� sin(𝜃𝜃1) + 𝑙𝑙4 cos(𝜃𝜃1 + 𝜃𝜃9)

𝑙𝑙1 cos(𝜃𝜃1) + �
𝜕𝜕1 + 𝑏𝑏

2
� sin(𝜃𝜃1)

𝑙𝑙1 cos(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2
� sin(𝜃𝜃1) + 𝑙𝑙3 cos(𝜃𝜃1 + 𝜃𝜃6)

𝑙𝑙1 cos(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2
� sin(𝜃𝜃1)

𝑙𝑙2 cos(𝜃𝜃4) 

𝑙𝑙1 cos(𝜃𝜃1) 
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Where: 𝜕𝜕𝑏𝑏1 = −𝑙𝑙1 sin(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2 � cos(𝜃𝜃1) − 𝑙𝑙3 sin(𝜃𝜃1 + 𝜃𝜃6) −𝑙𝑙12 sin(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) +
𝑏𝑏
2 cos(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) 

ℎ1 = 𝑙𝑙1 cos(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2 � sin(𝜃𝜃1) + 𝑙𝑙3 cos(𝜃𝜃1 + 𝜃𝜃6) +𝑙𝑙12 cos(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) +
𝑏𝑏
2 sin(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) 

𝜕𝜕𝑏𝑏2 = −𝑙𝑙1 sin(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2 � cos(𝜃𝜃1) − 𝑙𝑙3 sin(𝜃𝜃1 + 𝜃𝜃6) −𝑙𝑙13 sin(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) +
𝑏𝑏
2 cos(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) −𝑙𝑙5 sin(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8 + 𝜃𝜃13) 

ℎ2 = 𝑙𝑙1 cos(𝜃𝜃1) + �
𝜕𝜕1 − 𝑏𝑏

2 � sin(𝜃𝜃1) + 𝑙𝑙3 cos(𝜃𝜃1 + 𝜃𝜃6) +𝑙𝑙13 cos(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) +
𝑏𝑏
2 sin(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8) −𝑙𝑙5 cos(𝜃𝜃1 + 𝜃𝜃6 + 𝜃𝜃8 + 𝜃𝜃13) 

Table 3: Wrench parameters of the mechanism

Joint or reference point Constraints
and forces

si Immediate position vector s0i (Table 2)
six siy siz

Revolute joints 1, 4, 8, 
9 y 11

Fyi 0 1 0
Revolute joints 1, 4, 8, 9 y 11 respectively

Fzi 0 0 1

Prismatic joint 3
Mxi 1 0 0

Prismatic joint 3
Fzi 0 0 1

Revolute joint 6
Txi 1 0 0

Revolute joint 6Fyi 0 1 0
Fzi 0 0 1

Prismatic joints 2, 5, 7 
y 10

Mxi 1 0 0
Prismatic joints 2, 5, 7 y 10

Fpi 0 cosθi-1  sinθi-1 

Prismatic joints 2 y 5 FTi 0 -sinθi-1  cosθi-1  Prismatic joints 2 y 5
Prismatic joints 7 y 10 FLSi 0 -sinθi-1  cosθi-1 Prismatic joints 7 y 10

CG1

m1ay 0 -1 0
CG1w1 0 0 -1

CG2

m2ay 0 -1 0
CG2w2 0 0 -1

All of the wrenches comprise the action matrix [Ad ], 
which are represented in their normalized form accord-
ing to the Eqs. 15 and 16.

��̂�𝐴𝑑𝑑�3×31
= �

0 0 −𝑙𝑙1 ⋯ ℎ1 𝜕𝜕𝑏𝑏1 ℎ2 𝜕𝜕𝑏𝑏2
1 0 𝑐𝑐1 ⋯ −1 0 −1 0
0 1 𝑠𝑠1 ⋯ 0 −1 0 −1

� (15)

[Ψ]1×31 = [𝐹𝐹𝜕𝜕1 𝐹𝐹𝜕𝜕1 𝐹𝐹𝑝𝑝2 ⋯ 𝑚𝑚1𝜌𝜌𝜕𝜕 𝑤𝑤1 𝑚𝑚2𝜌𝜌𝜕𝜕 𝑤𝑤2] (16)

Where c1 = cosθ1  and s1 = sinθ1.

Graph theory 

The vehicle’s kinematic model (Fig. 6) can be represent-
ed in a more abstract approach by a graph (Fig. 8), this 
graph is composed by ten vertices (links) and 15 edges 
(joints and external forces).This graph can be explained 
using an incidence matrix I[10 x 15] (Eq. 17), solving this 
equation using the Gauss-Jordan method, the cut-set 
matrix is obtained Q[9 x 15] (Eq. 18), which are indicated 

by the equation’s rows . Additionally, the rearranged cut-
set matrix (Eq. 18) can determined the branches (edges 
1, 2, 3, 4, 6, 7, 8, 9 y 10) and the chords (edges 5, 11 
and the external forces), as shown in Eq. 20, and Fig. 9a, 
additionally, in Fig. 9b is the mechanism’s cut-set action 
graph is presented.

Figure 8: Mechanism and direct mechanism’s coupling 
graph
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Figure 9: a) Graph with branches and chords.              
b) Mechanism’s cut-set action graph

𝐼𝐼[10𝜕𝜕15]

=

1 2 3 4 5 6 7 8 9 10 11 𝑚𝑚1𝜌𝜌𝜕𝜕 𝑤𝑤1 𝑚𝑚2𝜌𝜌𝜕𝜕 𝑤𝑤2
𝐴𝐴 ˹ 1 0 1 0 0 0 0 0 0 0 0 1 1 1 1 ˺
𝐵𝐵 | −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 |
𝐶𝐶 | 0 0 −1 1 0 0 0 0 0 0 0 0 0 0 0 |
𝐷𝐷 | 0 0 0 −1 1 0 0 0 0 0 0 0 0 0 0 |
𝐸𝐸 | 0 −1 0 0 −1 1 0 0 1 0 0 0 0 0 0 |
𝐹𝐹 | 0 0 0 0 0 −1 1 0 0 0 0 0 0 0 0 |
𝐺𝐺 | 0 0 0 0 0 0 −1 1 0 0 0 0 0 0 0 |
𝐻𝐻 | 0 0 0 0 0 0 0 0 −1 1 0 0 0 0 0 |
𝐼𝐼 | 0 0 0 0 0 0 0 0 0 −1 1 0 0 0 0 |
𝐽𝐽 ˻ 0 0 0 0 0 0 0 −1 0 0 −1 −1 −1 −1 −1 ˼

 I[10x15]

(17)

𝑄𝑄[9𝜕𝜕15]

=

1 2 3 4 5 6 7 8 9 10 11 𝑚𝑚1𝜌𝜌𝜕𝜕 𝑤𝑤1 𝑚𝑚2𝜌𝜌𝜕𝜕 𝑤𝑤2
𝐶𝐶𝐶𝐶𝜕𝜕1 ˹ 1 0 0 0 1 0 0 0 0 0 0 1 1 1 1 ˺
𝐶𝐶𝐶𝐶𝜕𝜕 2 | 0 1 0 0 1 0 0 0 0 0 0 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 3 | 0 0 1 0 −1 0 0 0 0 0 0 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 4 | 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 5 | 0 0 0 0 0 1 0 0 0 0 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 6 | 0 0 0 0 0 0 1 0 0 0 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 7 | 0 0 0 0 0 0 0 1 0 0 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 8 | 0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 9 ˻ 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 ˼

 Q[9x15] (18)

Q[9x15] (19)

𝑄𝑄[9𝜕𝜕15]

=

1 2 3 4 6 7 8 9 10 5 11 𝑚𝑚1𝜌𝜌𝜕𝜕 𝑤𝑤1 𝑚𝑚2𝜌𝜌𝜕𝜕 𝑤𝑤2
𝐶𝐶𝐶𝐶𝜕𝜕1 ˹ 1 0 0 0 0 0 0 0 0 1 0 1 1 1 1 ˺
𝐶𝐶𝐶𝐶𝜕𝜕 2 | 0 1 0 0 0 0 0 0 0 1 0 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 3 | 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 4 | 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 5 | 0 0 0 0 1 0 0 0 0 0 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 6 | 0 0 0 0 0 1 0 0 0 0 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 7 | 0 0 0 0 0 0 1 0 0 0 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 8 | 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 9 ˻ 0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 ˼

 

𝑄𝑄[9𝜕𝜕31]

=

𝐹𝐹𝜕𝜕1 𝐹𝐹𝜕𝜕1 𝑀𝑀𝜕𝜕2 𝐹𝐹𝑝𝑝2 𝐹𝐹𝐿𝐿𝐿𝐿2 ⋯ 𝑀𝑀𝜕𝜕5 𝐹𝐹𝑝𝑝5 𝐹𝐹𝐿𝐿𝐿𝐿5 𝐹𝐹𝜕𝜕11 𝐹𝐹𝜕𝜕11 𝑚𝑚1𝜌𝜌𝜕𝜕 𝑤𝑤1 𝑚𝑚2𝜌𝜌𝜕𝜕 𝑤𝑤2
𝐶𝐶𝐶𝐶𝜕𝜕1 ˹ 1 1 0 0 0 ⋯ 1 1 1 0 0 1 1 1 1 ˺
𝐶𝐶𝐶𝐶𝜕𝜕 2 | 0 0 1 1 1 ⋯ 1 1 1 0 0 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 3 | 0 0 0 0 0 ⋯ −1 −1 −1 0 0 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 4 | 0 0 0 0 0 ⋯ −1 −1 −1 0 0 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 5 | 0 0 0 0 0 ⋯ 0 0 0 1 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 6 | 0 0 0 0 0 ⋯ 0 0 0 1 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 7 | 0 0 0 0 0 ⋯ 0 0 0 1 1 1 1 1 1 |
𝐶𝐶𝐶𝐶𝜕𝜕 8 | 0 0 0 0 0 ⋯ 0 0 0 −1 −1 0 0 0 0 |
𝐶𝐶𝐶𝐶𝜕𝜕 9 ˻ 0 0 0 0 0 ⋯ 0 0 0 −1 −1 0 0 0 0 ˼

 Q[9x31] (20)

Taking into consideration that each joint has constraints 
(Table 3), this is what allows the cut-set matrix’s extent 
(Eq. 19), as shown in Fig. 10 and Eq. 20.

Figure 10: Extended cut-set action graph

Equation system solutions 

Using the cut-set law [12], the algebraic sum of the nor-
malized wrenches that belong to the same cut (Eq. 20) 
must be equal to zero; this allows to structure the mecha-
nism’s static matrix (Eq. 21) or the mechanism’s extend-
ed matrix of the (Eq. 22).

��̂�𝐴𝑛𝑛�27×31
. [Ψ]1×31

𝑇𝑇 = [0]27×1 (21)

In Eq 22, it is essential to identify the set of primary vari-
ables ([A n̂s ]) (w1, m1ay, w2, m2ay) as well as the sec-
ondary variables ([A ̂np ]), which must be reorganized 
placing the important variables for the calculation of the 
mechanism’s stability on it’s backside, such as the tires’ 
supporting forces (Fz1, Fz3), the tires’ normal forces (FT2 
y FT5) and the leaf springs’ normal forces (FLS7 y FLS10), 
as shown in Eq. 23. By solving the Eq. 23 using the 
Gauss-Jordan method, all secondary variables are ex-
pressed in terms of the primary variables,  with them, the 
equation to determine the support force of the inner tire 
while taking a curve stand out (Fz3) (Eq. 24).

˹ 0 0 0 0 0 ⋯ 0 ℎ1 𝜕𝜕𝑏𝑏1 ℎ2 𝜕𝜕𝑏𝑏2 ˺
𝐶𝐶𝐶𝐶𝜕𝜕 1 | 1 0 0 0 0 ⋯ 0 −1 0 −1 0 |

| 0 1 0 0 0 ⋯ 0 0 −1 0 −1 |
| 0 0 1 −𝑙𝑙1 0 ⋯ 0 ℎ1 𝜕𝜕𝑏𝑏1 ℎ2 𝜕𝜕𝑏𝑏2 |

𝐶𝐶𝐶𝐶𝜕𝜕 2 | 0 0 0 𝑐𝑐1 0 ⋯ 0 −1 0 −1 0 |
| 0 0 0 𝑠𝑠1 0 ⋯ 0 0 −1 0 −1 |

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
| 0 0 0 0 0 ⋯ −𝑝𝑝14 0 0 0 0 |

𝐶𝐶𝐶𝐶𝜕𝜕 9 | 0 0 0 0 0 ⋯ 0 0 0 0 0 |
˻ 0 0 0 0 0 ⋯ −1 0 0 0 0 ˼27×31

.

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝐹𝐹𝜕𝜕1
𝐹𝐹𝜕𝜕1
𝑀𝑀𝜕𝜕2
𝐹𝐹𝑝𝑝2
𝐹𝐹𝐿𝐿𝐿𝐿2
⋮

𝐹𝐹𝜕𝜕11
𝑚𝑚1𝜌𝜌𝜕𝜕
𝑤𝑤1
𝑚𝑚2𝜌𝜌𝜕𝜕
𝑤𝑤2 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

31×1
= [0]27×1

(22)= [0]27x1

��̂�𝐴𝑛𝑛𝑠𝑠 �27×27
. [Ψ𝑠𝑠]1×27

𝑇𝑇 + ��̂�𝐴𝑛𝑛𝑝𝑝 �27×4
. �Ψ𝑝𝑝�1×4

𝑇𝑇 = [0]27×1 (23)

𝐹𝐹𝜕𝜕3 + �
ℎ1

𝜕𝜕
�𝑚𝑚1𝜌𝜌𝜕𝜕 − �

𝜕𝜕𝑏𝑏1

𝜕𝜕
�𝑚𝑚1𝜌𝜌 + �

ℎ2

𝜕𝜕
�𝑚𝑚2𝜌𝜌𝜕𝜕 − �

𝜕𝜕𝑏𝑏2

𝜕𝜕
�𝑚𝑚2𝜌𝜌

= 0

(24)= 0

Taking into account that at the rollover limit, this force 
(Fz3) tends to zero, the Static Rollover Threshold (SRT) 
is calculated  using:

𝐿𝐿𝑆𝑆𝑇𝑇 =
𝜌𝜌𝜕𝜕
𝜌𝜌

=
𝜕𝜕𝑏𝑏1𝑚𝑚1 + 𝜕𝜕𝑏𝑏2𝑚𝑚2

ℎ1𝑚𝑚1 + ℎ2𝑚𝑚2
 (25)

This equation tells us that the stability factor does not 
only depend on the position of the centers of gravity, but 
also depends on the fixed weight of the vehicle and the 
weight of the liquid transported.
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CASE STUDY

For this study, we used the model of a tanker truck (Fig-
ure 2) with the following specifications:

Table 4: Vehicle characteristics

Road tanker
Parameter Valor Unidad

Weight of empty vehicle (w1) 60 kN
Weight of transported liquid  

(w2) - (water) 407.66 kN

Combined stiffness of suspension - 
(3 axles) 5400 kN/m

Combined stiffness of tires 5040 kN/m
Side distance between the wheels 

or track width (t) 1.86 m

Tank diameter 1.015 m
CG1 initial height (h1) 0.85 m

Initial height of the tanks geometric 
center 2.125 m

Lateral separation distance of the 
suspension (b) 0.95 m

For the stability factor’s calculation, ISO-14792 - Steady 
State Circular Test [14] was taken into account and for 
road safety the lateral load transfer must not be greater 
than 60% [15], [16], once the model was implemented, 
the centripetal forces (m1ay and m2ay) were gradually 
increased until the lateral load transfer was the recom-
mended one. In Figure 11 it can be seen how initially 
the stability of the vehicle is quite high, but as the tank 
is filled and the weight of the liquid (w2) increases, the 
stability factor decreases since the height of its center of 
gravity (h2) is gradually increasing. Additionally, it can be 
observed how the vehicle’s inclination angle increases 
with more filling on the tank due to the action suspension 
tires stiffness (Body roll angle - θ). Moreover, in Figure 11 
it can be evidenced how the fluid’s movement decreas-
es the vehicle’s stability factor since it is not allowed to 
move the fluid. As can be seen from Figs. 12 and 13 the 
stability is mostly affected for tank filling levels between 
40% and 60%, meaning an average reduction of the sta-
bility factor of 0:01356. From Eq. 25, and as indicated 
in Eq. 26, it is known that the stability factor can be ex-
pressed as a function of vehicle velocity (V) when taking 
a curve and taking into consideration the radius of the 
curve (R), therefore, for a vehicle with fluid movement 
and without fluid movement, and with a tank filling level 
of 50%, in a curve of R = 100 m a speed reduction of 
approximately 2.4km/h can be evidenced, this is really 
important to detail since it allows to point out  the need to 
develop mechanisms that prevent lateral fluid movement 
of the, type breakwater, which would increase vehicle 
stability and road safety.

Figure 11: SRT behaviour

Figure 12: SRT behaviour (40% - 60%)

𝐿𝐿𝑆𝑆𝑇𝑇 =
𝜌𝜌𝜕𝜕
𝜌𝜌

=
𝑉𝑉2

𝑆𝑆 𝜌𝜌 (26)

CONCLUSIONS

In this paper, the stability factor for tanker truck type ve-
hicles was determined. In it, it can be evidenced that this 
factor is not only a function of the vehicle’s center of grav-
ity location, but it is also a function of the vehicle’s fixed 
and mobile weight. In the results of the test performed, 
it was possible to show that as the vehicle acquires a 
greater load, the stability decreases, this is due to the fact 
that the height (h2) of the vehicle’s liquid weight center of 
gravity increases. Additionally, it was determined that the 
stability of the vehicles can be increased if mechanisms 
that prevent the lateral movement of the transported fluid 
are developed. This development will be proposed for 
future   circular section tanker truck research, and other 
types of  the aforementioned. 
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