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Accident reconstruction software analyzed impact of vehicles considers usage of coefficient of
restitution as a known quantity. In practice it is common that numerical value of coefficient of
restitution is determined on basis of experience. Presence of error in its evaluation causes an
essential error in output results. Thus, it is of exceptional importance to determine more
precisely its numerical value. Improved solution of vehicle accident reconstruction software is
presented in this paper. To archive that, in this paper was developed methodology which provides such
analysis of impact process in which the coefficient of restitution becomes the result, and not input data.
We have suggested new methodology for mathematical modeling of function dependence between
force and displacement in a collision of vehicles. The compression process was approximated with
piecewise linear function. The restitution process was approximated with linear curves. During process
of restitution stiffness depends on maximum value of displacements during process of compression.
The quality of the coherence between experimental data and mathematical function is
quantified by residual sum of squares. Numerical examples are performed by usage of the obtained

methodology.
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INTRODUCTION

Coefficient of restitution represents a variable
which substantially affects the output values
which are obtained by analysis of collisions of
bodies. Usually mechanical-mathematical mod-
els presume cognition of numeric values of coef-
ficient of restitution. In practice, itis common that
numerical value of coefficient of restitution is de-
termined on basis of experience. This practice is
particularly used in the case of inhomogeneous
bodies of complex shape. One of the practical
examples is the analysis of impact of vehicles.

There are a few approaches in literature for de-
fining the coefficient of restitution. The usual way
is trough usage of characteristic velocities during
the impact. In case of direct central collision of
two bodies, coefficient of restitution is defined as
ratio of absolute values of velocities at the end
and the beginning of collision [21].

The coefficient of restitution can be defined us-
ing the graph of dependence between force and
time. Coefficient of restitution is in this way de-
fined as a ratio of impulse of restitution and im-
pulse of compressive force [8, 15].

The coefficient of restitution is a function of ve-
locity immediately prior to the collision. This con-
nection is confirmed by experimental investiga-
tions of Zhang and Vu-Quoc [26]. By analysis of
experimental results it may be concluded that
during the displacement rise time, the influence
of impact velocity on function dependence be-
tween force and displacement may be neglected.
During the period of displacement decrease, the
impact velocity has a non-negligible influence on
dependence between force and displacement
i.e. that curve dependence between force and
displacement for a different value of impact ve-
locity can not be obtained only by simple transla-
tion of curve graph. That is to say, the increase
of impact velocity increases the slope of force-
displacement curve.

Ambrosio [1] suggests that it is necessary to
include the relation between impact forces and
displacements in the crash analysis of vehicles.
Several software packages are available for
the reconstruction of real vehicle accidents.
The PC-Crash software is a common commer-
cial tool for reconstructing road accidents [4].
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It uses a number of important parameters for ve-
hicle model. Most of them are given by default,
within the software, and the results of the ac-
cident reconstruction are very sensible to their
variations. The coefficient of restitution is one of
them, used as the input data, and usually taken
arbitrary.

Based on currently published papers a neces-
sity may be noticed for upgrade of old and de-
fining new impact models. This is also one of
directions of development in dynamics of mul-
tibody systems [20]. To that aim, a methodology
is developed in this paper which provides such
analysis of impact process in which the coeffi-
cient of restitution becomes the result, and not
input data. We suggest that accident reconstruc-
tion software must have database with vehicles
functions of dependence between force and dis-
placement.

The incomplete information about vehicle char-
acteristics can cause incapability of accident
reconstruction. Determining the adequate func-
tions dependence between force and displace-
ment of vehicles must to represent one of the
major tasks in the analysis of impact of vehicles
[6]. Their determination influence importantly on
reduction of error in the output result of the anal-
ysis of impact process.

There are a few approaches in literature for de-
fining the functions dependence between force
and displacement of collisions vehicles. Usu-
ally mechanical-mathematical model presume
that the curve dependence between force and
displacement can be described with two linear
curves (one curve for compression process and
one curve for restitution process) [16]. In this
case force can be described in form of multipli-
cation of displacement and appropriate stiffness.
The difficulty lays in determining the stiffness
during the processes of compression and res-
titution of vehicles. The approximate expression
for the processes of compression may be found
in the literature [8, 14]:

m, 'Vg
N Y
max
where
m,— vehicle mass,
v, — impact velocity,
A max — maximal displacement of vehicle.
To my knowledge the analytical expression for
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exact determination of stiffness during the resti-
tution processes is not yet available. Usually in
practical defining the previous stiffness was cal-
culated using coefficient of restitution. What is
the problem? Usually mechanical-mathematical
models presume cognition of numeric values of
coefficient of restitution. In practice, it is common
that numerical value of coefficient of restitution
is determined is based on experience. The error
present in determination of the value of coeffi-
cient of restitution has a considerable influence
on the outcome results of the collision analysis
and determination of stiffness during the pro-
cesses of restitution.

Does the stiffness during the processes of com-
pression have significant correlation with the
vehicle mass? The Insurance Institute for High-
way Safety has evaluated the crashworthiness
of more than 120 new vehicle models. The data
indicate that there were no significant correlation
between mass, front-end length, and stiffness to
structural performance in the offset test [13].

The force displacement curves for the vehicle
models can also be approximated as piecewise
linear with three regions: before buckling has
started, after buckling has started and when the
occupant compartment starts to deform [24].
Elmarakbi and Zu [5] presume that the curve
dependence between compression force and
displacement can be described using piecewise
linear functions but with two regions.

Usually authors presume that the force has zero
value at the moment when the appropriate dis-
placement has zero value. However, there are
other approaches to determining the functions
dependence between force and displacement
of vehicles. McCoy and Lankarani [12] presume
that the force have value greater than zero at
the initial moment of vehicle’s crash when the
displacement has zero value.

Macmillan [11] stated that what is needed is an
analytical expression for the force upon displace-
ment curves that satisfy the following criteria:

* it must be simple enough to be manipulated;
» it must satisfy the boundary conditions found

in curves from impact tests;

e it must correlate well with known test cases
and hence justify its use to predict the out-
come over a range of unknown examples;

it must be capable of representing the be-
havior of vehicles with different crush char-
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acteristics with changes to a small number
of variables.

Stiffness is different for different surfaces of ve-
hicles. One such example is a frontal underride
collision [2].

The experimental data for the crash tests may
be found in literature. Most of the tests were
made at about 60 km/h [7, 27]. It also can be
found papers [9, 22, 25] which presented the ex-
perimental data for the same vehicle at different
impact velocity.

In literature great attention has been dedicate to
dynamic behavior of vehicles [3, 17, 18].

Based on currently published papers | have con-
cluded that there is necessity for defining new
functions dependence between force and dis-
placement of vehicles.

This paper’s objective is to suggest new meth-
odology for mathematical modeling of function
dependence between force and displacement
in a collision of vehicles. This methodology and
function dependence between force and dis-
placement should be simple enough for practical
implementation. The purpose of the methodol-
ogy is reduction of error in the output results of
the analysis of vehicle impact process too. The
advantage of this methodology is also its easy
and fast applicability. From the economic point of
view this means lower implementation costs.

Analyzing literature it can be noticed that the
case of described previous function with two lin-
ear curves is often used. Analyzing experimental
data, we have concluded that the linear approxi-
mation does not describe graph of dependence
between force and displacement on satisfac-
tory way. Therefore, we have approximated the
compression process with piecewise linear func-
tions. The restitution process was approximated
with linear curves. During process of restitution
stiffness (coefficients of proportionality) depends
on maximum value of displacements during

C»]'_\»
Cy-Ag +Co (A-Ap)
Fk‘n =

where

A 4 (i=1,...,n-1) — maximum value of displace-
ments during process of compression for region
“I” (experimental data),
ci, (i=1,...,n) — coefficients of proportionality
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C1'AA1+Cz'(l'42—i'q1)+cg'{i_j,ﬂ.2} for

process of compression. The quality of the co-
herence between experimental data and math-
ematical function is quantified by residual sum
of squares.

METHODOLOGY FOR ESTIMATING THE
DEPENDENCE BETWEEN FORCE
AND DISPLACEMENT

The function force—displacement

The function dependence between force and
displacement is determined by the following ex-
pression:

F_|Fc for ézo ,
F, for A<OQ’ @)

where
F, — the function dependence between com-
pression force and displacement,
F — the function dependence between restitu-
tion force and displacement,

A — displacement of vehicle.

In this paper the function dependence between
compression force and displacement of vehi-
cles is analyzed for piecewise linear functions
with one and more than one regions (n regions)
(Figure 1).

Figure 1. Dependence between force and
displacement

Function of dependence between compression
force and displacement is given by expression:
for 0<A<A,
for Ap =A<Ay
Mg, SAS Ay 3)

CprApg +Cp (Mg —Ap )+ 4C, (A=Ay ) for Ay SA<A,

[T
|

during process of compression for region
Coefficient of proportionality (c, for i=1) in lit-
erature is known as the coefficients of stiffness.
Therefore, in the following text we will use notion
stiffness for ci.
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It is necessary to define following unknown pa-
rameters ciand A , ..

Experiment data are necessary to obtain the
function dependence between force and dis-
placement. In that sense experiment consists of
impact of vehicles into an absolutely rigid bar-
rier. To gain better results experiment must be
repeated for different values of impact velocity
[9, 10, 22, 23, 24, 25]. The experiment may be
realized through crash test or by finite element
method based computer program.

The advantage of this methodology is also its
easy and fast applicability. From the economic
point of view this means lower implementation
costs. Respecting legal terms, all new car mod-
els must pass crash tests before they are sold.
But legislation provides a minimum statutory
standard of safety for new vehicles, it is the aim
of Euro NCAP to encourage manufacturers to
exceed these minimum requirements [28]. Crash
tests must be realized for all vehicles. Addition
economic investment is necessary for process of
crash test results. Vehicle manufacturer develop
finite element models for their vehicles. Their
addition assignment should be utilization of the
vehicle finite element model using computer pro-
gram. Minimum addition economic investment is
also requested.

The residual sum of squares

The quality of the coherence between experi-
mental curves and mathematical functions is
quantified by residual sum of squares. Why was
chosen just residual sum of squares? The func-
tion of dependence between compression force
and displacement done by the minimization of a
residual sum of squares also has minimum error
using it in determination work during compres-
sion process. A minimal error in determining the
work also results in a minimal error in determin-
ing coefficient of restitution.

Residual sum of squares (RSS) measures the
deviations of experimental from their predicted
values:

nk
RSS =3 (Fi; — Frenpi)’ 4)

i=1

where

F, oxi 1S the ith experimental value of the variable

to be predicted, and F,; is the predicted value of
F

k.exp,i’

n, - represents number of experimental values.

4

The determination of unknown parameters

The determination of unknown parameters was
performed by the minimization of a residual sum
of squares. We concluded that the analytical
solution of minimization of the function (4) can’t
be determined for n > 1 (3) by application of
some optimization methods [17]. Therefore, the
unknown parameters (ci, A , ) should be numeri-
cally determined.

The restitution process is significantly shorter
than compression process. Using more com-
plex functions error would not be significantly
reduced. On the other hand they would be
more complicated for practical implementa-
tion. Therefore, the restitution process was ap-
proximated with linear curve (Figure 1). Slopes
of restitution lines are a function of maxi-
mum value of displacement during process

of compression ( A, ).

Functions of dependence between restitution
forces and displacement are given by expres-
sion:

Frm =Fi(Ag, )~ by (A, —A) (5)
where

A &, — Maximum value of displacements during
process of compression,

bm — coefficients of proportionality (stiffness)
during process of restitution for A ;.

The coefficients of proportionality during
process of restitution (bm) depend of maxi-
mum values of displacements during process
of compression (A, ). Therefore, we have
defined the coefficients of proportional-
ity bm as function dependence of maxi-
mum value of displacements during process
of compression (A ).

The coefficients of proportionality during process
of restitution (bm) can be determined from the
conditions: during restitution process work deter-
mined by experimental data (Ar,m,exp) is equal
to work determines using approximate functions

(5) (Ar,m,approx):
(6)

Ar.m.exp = Ar.m.approx

Numerical value of work A, can be deter-
mined by using experimental data for the same
vehicle characteristics and for different values of
impact velocities. The analysis output data are

two numerical values: A, and A

rm,exp”
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Numerical value of work Ar,m,approx is given in
following form:

Acm
= [FrmdA.

A8

Ar,m,approx

(7)

Displacement of vehicle in the instant of separa-
tion ( A ,,) may be determined from the condi-
tion:

Fr‘m (Acm )=0 (8)

The displacement A .. can be determined by
substitution of (5) into (8):

Fi(Ag,)
by

Finally, stiffness bm can be determined by apply-
ing equations (5), (6), (7) and (9):
2
i (FlAs, 1 (10)
2- Ar‘m‘exp

The stiffness bm depends on the displacement
(10)A;,, - The next step of the analysis should
be finding the equation that will approximate
the dependence between bm and A, on the
best way. Previous equation should be deter-
mined using some software for curve fitting
analysis. The curve fitting analysis is necessary
because the experimental data have results for
the different (but not all) values of impact veloc-
ity. For example, we may be having experimen-
tal data for impact velocities: 10, 20, 30, 50, 70
and 100 km/h. Accident reconstruction software
may be needed the stiffness bm that should be
calculated using experimental data for example
for impact velocity of 57 km/h.

Finally, the methodology for mathematical mod-
eling of function dependence between force and
displacement is given in following form:

« collecting experimental data for different val-
ues of impact velocity;

* the determination of unknown parameters
(ci, A ,;) by the minimization of a residual
sum of squares;

* to determine number of regions (n) for piece-
wise linear function of dependence between
compression force and displacement;

» to write function of dependence between
compression force and displacement (3);

» the determination of works Aﬁm’exp for different
values of A ;

9)

Ac, =4s,
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+ the determination of stiffness bm for different
values of ABm;

» to determine equation that approximate de-
pendence between bm and Bm on the best
way;

» to write function of dependence between res-
titution force and displacement (5);

» finally, we can write the function dependence
between force and displacement (2).

Vehicle doesn’t have the same functions depen-
dence between force and displacement (2) for
different point of collisions vehicles. For exam-
ple, frontal, rear and side vehicle area does not
have the same values of stiffness. That is why
NCAP is performing different crash tests. There-
fore, suggested methodology must be applied
for different vehicle’s areas.

RESULTS ANALYSIS

The first key question that arises is: does linear
approximation describe dependence between
compression force and displacement better than
piecewise linear function?

The determination of unknown parameters was
performed using experimental data given in pa-
pers [9, 10, 22, 23, 24, 25]. The experimental
data from previous papers was derived using the
case of direct central impact of vehicles into an
absolutely rigid barrier.

Quality comparison between two piecewise lin-
ear functions with subsequent number of regions
(i.e. n and n+1) may be presented by comparing
their RSS relative discrepancy:

RSS.,, - RSS,

100, %
RSSH‘I

(11)

The same calculation was used for comparing
two functions with n=1 where stiffness obtained
using equations (1) and (4):

5R88n=;'/\n=r’+1 = ‘

5RSS,-_.=1(Eq_1/\Eq.4) =

_|RSS(eq.1) ~RSS(eq.4 |

= -100, %
\ RSS £q1) \

(12)

The relative discrepancy of the compression
force for different values of regions was deter-
mined based on the experimental data obtained
from 14 vehicles (Table 1). Results of the analy-
sis show that the minimal relative discrepan-
cies are appeared between piecewise linear
functions dependence of compression force
upon displacement with three and four regions.

5
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The relative discrepancy §RSSn=3~n=4, for the
most vehicles, tend to zero. The other relative
discrepancies have bigger values. Looking at
obtained results it may be noticed that the rela-

tive discrepancy §RSSn=2,n=3 is between 1.5
and 28%. The relative discrepancy sRSSn=1
n=2 is between 21.6 and 200.4%. The relative
discrepancies for n-4 tend to zero.

Table 1. Relative discrepancy ( RSS) of the compression force for different values of regions and for various
vehicle models

. A6RSSn=1(Eq.1 Eq.4) ORSSn=1~n=2 dRSSn=2 n=3 | RSSn=3~n=4
Vehicle
%
Chrysler Neon [24] 5.7 42.4 23.3 1.1
Dodge Caravan [24] 51.2 21.6 28 0.2
Ford Escort [9] 82.8 166.1 14.9 0
Ford Escort [22] 1.4 122.1 3.7 0.1
Ford Explorer [24] 23 169.9 1.5 2.7
Ford Taurus [24] 251 446.8 6 0
Geo Metro [24] 1.2 25 11.9 0
Honda Accord [24] 94.5 200.4 23.4 0
Vehicle 1 [23] 3.1 87.2 18.6 0
Vehicle 2 [23] 0.7 104.6 8.9 0
Vehicle 3 [23] 9.4 90.2 6.8 0
Vehicle 4 [23] 8.4 142.9 4.2 0
Vehicle 5 [23] 0.1 102.8 6.7 0
Yugo [10] 4921 175.9 4.5 0

The approximate expression for the compres-
sion stiffness (1) is often used in practice. By
analysis of ORSSn=1(Eq.1 ~ Eq.4) (Table 1) it
can be concluded that this expression doesn’t
have satisfactory results.

Therefore, we propose to use piecewise linear
functions dependence between compression
force and displacement with three regions.

In the following text we will present results of us-
age of methodology that we have proposed. We
have used experimental data obtained for Ford
Escort [22].

Compression stiffness (ci) and displacement
( A 4 for linear functions dependence between
compression force and displacement with three
regions are:

¢y =1034kN/m; AA1 =0.16m:
Cy =299kN/m; aA; =0.43m;
c; =3BKN/m; 5-;43 =1.23m.

(13)

[1034- A
|165.44 + 299 . (A - 0.16)
~ |246.17+38.(A-0.43)
|F(Aq)—(50036.905 + 63960.156 . AlY-**
F. kN, A Ag.m,

The stiffness bm using equation (10) have fol-
lowing values:

by = 45729kN/m; Ag =0.12m:;
by, =58199 kN /m; Ag, = 0.42m,
by = 49853 kN /m; Ag =0.65m;
b, = 624049 kN /m; Ag =1.23m.

(14)

The stiffness bm for Ford Escort were approxi-
mated using the results (14) by curve fitting anal-
ysis:

b = 50036905 + 63960.156 - A °® kN/m  (15)
By applying expressions (3), (5), (13) and (15)
the function dependence between force and dis-

placement (2) for Ford Escort obtains its final
form:

for A=0 0-A-018

for A0 . 016 A< 043

for ‘IL 0 043=-A:2123 (16)
yo{Ag=A) for A=0
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where A . is the maximum value of displace-
ments during process of compression.

k 4
0.16q =
0.144
0.124
0.104
0.081
0.06
0.044
0.02

0

10 20 30 40 50 60 70 80 v, km/h

Figure 2. Dependence between coefficient of
restitution and impact velocities for Ford Escort

Consider an accident where Ford Escort has
crashed into an absolutely rigid barrier. The
software packages for the reconstruction of
real vehicle accidents require usage coefficient
of restitution as the input data. The purpose of
the model presented in this paper is reduction
of error in the output results of analysis of ve-
hicle impact process. The next key question that
arises is: how big is the error that is made using
the model presented in this paper? Therefore,
coefficient of restitution (k) of impact of Ford
Escort into an absolutely rigid barrier is calcu-
lated using the methodology for mathematical
modeling of function dependence between force
and displacement presented in this paper. The
results were presented on the Figure 2. The co-
efficient of restitution calculated using appropri-
ate experimental data (kexp) was also presented
on the Figure 2. By analyzing Figure 2 it can be
concluded that the errors have minimal values.
The absolute error of coefficient of restitution
has value in the range from 0.003 to 0.018.

CONCLUSIONS

The model developed in this paper which pro-
vides such analysis of impact process in which
the coefficient of restitution becomes the result,
and not input data. In this paper was developed
methodology that can be used in analysis of im-
pact process in which the coefficient of restitu-
tion becomes the result, and not input data. In
this paper is suggested new methodology for
mathematical modeling of function dependence
between force and displacement in a collision of
vehicles. This methodology and function depen-
dence between force and displacement should
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be simple enough for practical implementation.
The purpose of the methodology is reduction of
error in the output results of the analysis of ve-
hicle impact process too. The advantage of this
methodology is also its easy and fast applicabil-
ity. From the economic point of view this means
lower implementation costs.

Further investigations may be directed towards
establishing an analytical model for analysis of
three dimensional vehicles collisions with the co-
efficient of restitution as the end result. Since the
three dimensional collision produces complex
motion, future model should take into account
the friction. Such analysis of collision processes
would contribute to the analysis of traffic acci-
dents.
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