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Past studies on the stability of rectangular plates under the influence of variable loads were based on
assumptions of simplified stress distributions, which put the question of the accuracy of results thus
obtained. The procedure of applying the exact stress functions in the problem of elastic stability of
the plate with different boundary conditions under effects of patch and wheel loading is presented in
this paper. Mathieu (1890) obtained the exact solution for the plane-strain state for a rectangular ele-
ment for certain types of variable stresses on the boundaries. Baker at al (1993), following Mathieu’s
results, analyzed the general problem of a rectangular plate loaded by completely arbitrary distribu-
tions of (normal and/or shear) stresses along the edges of the plate. Analytical approach used for
determination of the critical load is based on well known Ritz energy technique. The strain energy
due to bending of the plate is defined in the traditional way. On the other hand, the exact stress
distribution of Mathieu’s theory of elasticity is introduced through the potential energy of the plate
associated with the work done by external loads. Results for the critical load obtained by presented
analytical approach are reaffirmed by numerical finite-element (FE) runs.
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INTRODUCTION levels of accuracy. Considering models with differ-
ent levels of complexity, it is possible to compare the
results and analyze contribution of individual param-
eters to the value of the critical load.

In this paper, the first, basic mathematical model is
chosen to represent buckling problems of plates un-
der combination of locally distributed compression
and system of concentrated forces (Figure 1).

In steel structures, buckling problem of the high
steel girders under variable external loads is still
very interesting topic. Presently available litera-
ture abounds with data regarding this problem,
but mostly obtained by numerical or experimental
methods. Analytical approach has been avoided
mostly because of unknown stress distribution.

In the series of papers based on Mathieu’s method

from 1890 [02], Pavlovi¢, Baker and Tahan [08] and Ziycw“ S Model
later Liu [05] and Mijuskovi¢ [02] developed very —

precise approach for exact stress function deter- SorC S - simply supported
mination for main case of rectangular plate under P [ 1 edge
arbitrary external load. Existence of such solutions ke o sl vige
created the basis for the analysis of very complex ; P y=1/a
stability problems in real steel structures. 3Y0+P S c=1l/a

The case of patch and wheel loads can now be ana- b=ah
lyzed by using different mathematical models which : 4 !

are describing the mentioned problem with different Figure 1: Basic model for patch-loading analysis
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The next step would be raising model to a more
complex level through introduction of the shear
stresses along vertical stiffeners with task to
equilibrate external loads. The final goal would
be defining and analyzing model with effects of
shear stress at the flange-web junction whose
distribution depends on the rigidity of the flange.

Comparative analysis of the three models defin-
ing stability problem of rectangular plates with
different boundary conditions under patch load-
ing, can point to interesting conclusions about
the relevance of various parameters and their
influence on the value of the critical load.

BASIC OUTLINE

Analytical approach to stability problems of the
plates due to the patch and wheel loading begins
with determination of exact stress functions for
selected model.

In the series of papers [08-02] it has been already
explained that any arbitrary load (normal and/or

L

In the Figure 3 the procedure for obtaining the
exact stress distribution for the adopted model is
explained by superposition of the adequate DEA
and DEB solutions. The possibility to achieve ex-
act stress functions for complex cases of plates
under patch loading guarantees accurate analyti-
cal approach to critical load determination. So far,
in the literature, only in the researches of Pavlovi¢
and Liu [01], it is possible to find analytical results
for buckling loads, but exclusively for simply sup-
ported plates. Up to now, for this load case and
the plates with different boundary conditions,
there are no precise analytical solutions.

Since the results for stress functions for the DEA
and DEB cases can be found in literature [01-04]
only Mathieu’s basic approach will be presented
in this paper.

In his paper [02], Mathieu expressed the known
equilibrium equations, without the presence of
body forces, in terms of displacements:

shear) which acts along the edges of the plate, oo, +61_xy =0 Au = _lﬂ
can be described by the chosen functions (even  0x 0Oy € dx (1)
and/or odd in relation to the coordinate axes), 57 Ho 1 dv
so the total solution is obtained by the adequate a—yx +—==0 Mathieu = Av= -
combination of eight basic cases (Figure 2). X oy & dy
Notation
D - direct stress
S - shear stress
E - symmetry of the exter.
DEA DEB forces about the x direction po4 DOB
4 O - anti-symmetry of the exter.
forces about the x dir. ¥
t A t A - symmetry about | 1 t
I I I the y direction t ; ;
| | i B - anti-symmetry about | ? t
the y direction I I
S0A SOB SEA SEB
Figure 2: Eight basic load cases
1 +
7Yo P2
7’1{0’ ¥ P S
— le—pP2 - l—p2 - P
SorC
DEA + DEB -
/2 o/2 SorC -
—= l—p2 - —r2 — P
4lycs + P/2
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Figure 3: Basic model (DEA and DEB combination)
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=

where:
A - Laplace’s operator

u, v — displacements along the x i y directions
respectively,

_Ou +@ - volumetric dilatation and

V=—
ox Oy

e=p/(A+p)- parameter related to Lame’s
constants

With the quite simple mathematical operations
system (Egs. (1)) can be transformed into the
following form:

Av =0 (2)

Mathieu’s approach to the 2D elasticity problem
starts with the careful selection of two ordinary
Fourier series for v (Eq.(2)) with infinite unknown
coefficients, taking into account the symmetry or
anti-symmetry of the stresses with respect to the
x and y directions.

V=v 4V, 3)

The following step presents the introduction of
the function F (F1+F2), from the conditions that
the equation is fulfilled:

1 1

1
AF=——v = AF=—-v, i AF,=——v,(4)
€

&

Finally, when displacements u i v are
determined

dF . dF
u=E+ajvldx i V—EJFO‘IVsz’ ()
_(A+2p)
where N is constant expressed in

terms of Lame’s parameters, normal stresses N,
and N, are defined along the xi y axes, as well
as in-plane shear stress T,.

2
N1=/1v+2,uavl+2/,td > (6a)
dx
d2
N, =Av+2uoav, +2u—— (6b)
dy

2
dxdy dy dx

Analytical procedure for exact stress and dis-
placementfunction determination is very complex
and demanding. So, in order to enable stability
analysis of plates under arbitrary external load,
with possibility to vary dimensions and boundary
conditions, it was absolutely necessary to cre-

86

ate general program (symbolic programming in
the Mathematica) with implemented stress solu-
tions for basic load cases (for original and rotate
configuration LOAD, LOAD®R®D  Figure 2). Up
to now, program contains general solutions for
stress and displacement functions for six/twelve
basic load cases (four/eight in self-equilibri-
um DEARSD DOARCD SOAROD and SOBROD,
and two/four that involve rigid-body translation
DEB®RCD and SEBROD),

The concept of computer program enables con-
trol of two highly important parameters that af-
fects quality of solutions for stress functions.
The first parameter is related to strict check of
convergence and value stabilization of unknown
coefficients in expressions for stresses while the
second parameter determines necessary num-
ber of terms included in stress functions. More
about mentioned parameters, as well as their in-
fluence on final stress value for some basic load
cases can be found in literature [07-04].

In order to emphasize the quality of stress solu-
tions, it has been decided to present one highly
demanding load type - combination of patch load
(y = 0.1) and concentrated forces (c = 0.5) (ex-
ample in Table 1). Having in mind existence of
girder reactions in form of concentrated forces,
causing extreme stress concentration close to
point supports, it was absolutely necessary to
predefine identical stress contours in both cases
— analytical and numerical (ANSYS) solutions —
in order to enable adequate comparison of their
position.

Table 1: Stresses distributions within plate for the
specific case of patch and wheel load combination
obtained by analytical procedure and by software

(ANSYS)

1 >
2—70‘+P

y=1/a=0.1 P

5 ¢=/a=05

b=ab=05 P I (L

c=1P=05 P
2iyo"+P

[ a J
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Normal stress o,
ANSYS (FEM) Analytical solution Overlap

Normal stress o,
ANSYS (FEM) Analytical solution Overlap

Shearstress T
ANSYS (FEM) Analytical solution Overlap
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Finally, analysis of diagrams in Table 1, especially
in the third column presenting overlap of stress con-
tours, shows that shapes and values of analytical
and numerical solutions have high level of match.

ANALYTICAL APPROACH TO PLATE
BUCKLING

The problem of the elastic stability of rectangular
plates with different boundary conditions is inves-
tigated using the Ritz energy technique. The strain
energy due to bending of the plate is defined in
the traditional way. On the other hand, the exact
stress distribution of Mathieu’s theory of elastic-
ity is introduced through the potential energy of
the plate associated with the work done by exter-
nal loads [05-04]. By adopting the exact stresses
within a plate under patch and wheel loading and
using the double Fourier series to represent any
possible buckled profile, the buckling loads can

. w2 Y a2

S

i b2
_____________ J:_______q_”;s_ "":'r-"-c*
§ :

j b2

SSSS| 4

edges x = £ a/2 simply supported (S)

edges y = = b/2 simply supported (S)
Figure 4: Simply supported plate SSSS

be obtained in a very accurate way. Analytical ap-
proach to plate buckling under patch and wheel
loading is presented in the examples of the rect-
angular simply supported plates (SSSS) as well
as in plates with two edges simply supported and
other two clamped (CSCS). In order to verify the
results from analytical method, the finite-element
method (ANSYS) is used to produce buckling co-
efficients for the considered problem. Presently
available literature has no records on analytical
solutions dealing with the subject.

The adopted deflection series

In order to guarantee the accuracy, the double Fou-
rier series are used to represent buckled profiles of
the two chosen types of plates Egs. (7) - (8). These
series satisfy all boundary conditions, term by term,
and, as it has been previously shown, are capable
of representing any possible buckled profiles for
very wide range of aspect ratios and load cases.

a2 Noa2

S
: b/2
_____________ J:____________C_ N X
C i ’
i b/2
! CSCS| .

edges x = £ a/2 clamped (C)
edges y =+ b/2 simply supported (S)

Figure 5: Plate with mixed boundary
conditions CSCS

W= ZY:ZWM sin ﬂ[x + %Jsin %[y + %] (7)

m=1 n=l o

W= - ZPVHM[COS(,W—_I)Eﬂx + %J o
1 n=l

a

Strain energy due to bending and work done
by external loads

During the evaluation of the total potential ener-
gy of the plate, the first step is defining the strain
energy due plate bending in the traditional way.

: l all $i2 .‘:}lr
(.;=51Jj | [%+

/2 B2
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COSs

M[x K EDsin E[},-‘ + 2] (8)
a 2 b 2

The part of the potential energy of the plate as-
sociated with the work done by external loads is
presented by the Eq. (10). In this expression, the
stresses within the plate N,, N, and T, are given
by Egs. (6a) - (6¢) that represent solutions of the
Mathieu’s exact approach.

o'w | owo'w (o'w)
= —2(1—V TR N = dxdy (9)
oy” ox” oy \éxoy

N[22 e | 22 421, 2O | gy
5 ox oy T ox oy
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Introducing the exact stress functions for arbi-
trary type of external load makes the expression
for the work done by external forces Eq. (10)
more complex. It presents the basic difference in
relation to the previous analyses of the stability
of plates which are not simply supported along
all edges.

Formulation of eigenvalue problem

Finally, after the definition of the strain energy
of the plate bending U, and of the value which
responds to the work done by external forces V,
the total potential energy of the system can be
written in form M = U+V. From the minimum po-
tential energy principle, the condition 1= U+V is
given by

on__eu v
ow, oW, oW

mn

(11)

C

which basically represents linear system of men
homogenous equations per unknown coeffi-
cients Wmn. The existence of nontrivial solution,
expressed through condition that the determi-
nant of the system is equal to zero, leads to the
solution of the classical eigenvalue problem. In
its scope, the lowest value has, for us, the only
practical importance, which presents the re-
quested critical load.

Accuracy and quality of the second program
part, related to the problems of plates stabil-
ity, will be presented through analyzed case of
patch and wheel load (from Table 1). In Table 2,
for two types of boundary conditions (SSSS and
CSCS), buckling coefficients are defined and
appropriate buckling shapes are presented, in
order to control the ability of chosen deflection
functions to depict all buckling shapes. It may be
concluded that critical load, as well as buckling
shapes (Table 2) have a perfect match with nu-
merical (ANSYS) solutions.

Table 2: Buckling shapes obtained by analytical procedure and by software (ANSYS) based on the
finite element method (FEM)

iyc-f’ N
2 -
y=Il/a=101
SorC c=l/a=05
b I S
SarC o=ab=1035
(e}
p o=1P=03
?"yc—!’ S
a

Overlapping of analytical and numerical buckling shapes

SSSS CSCS

-~ P
E G EO‘
—r P
Buckling load
Analytical solution ANSYS Analytical solution ANSYS
K=5.7672 K=5.7661 K=16.3867 K =16.3857
discrepancy 0.02% discrepancy 0.01%
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EXAMPLES AND RESULTS

Examples proposed in this article are used not
only as a way to prove precision of presented
analytical approach but also to control behavior
of the basic load types DEA and DEB in the cas-
es of plates with different boundary conditions.
Although, DEA and DEB loads are only two of
eight fundamental cases (Figure 2), they are es-
sential in the process of external load simulation.
Namely, most of the real-life construction loads
can be exactly described by appropriate super-
position of several basic solutions, but patch
compression and/or concentrated force (DEA
and DEB) are almost inevitable part of each
combination.

Chosen numerical examples are rather demand-
ing and complex load cases shown in Figure 1.
Two specific plate categories concerning bound-
ary conditions (SSSS and CSCS), with plate as-
pect ratios ¢ =a/b = 0.5 and 1, under combination
of patch loading with load length ratioy = 0.1-0.5
(y =M/a, intensity o = 1) and wheel loads ¢ = 0.1-
0.5 (c =12/a, intensity P= 0.1-0.5) were tested.
Only few, chosen results are presented in Table
3 due to huge number of available data formed
by combinations of various positions, intensities
and characters of loads, as well as dimensions
and boundary conditions of plates. Accuracy is
guaranteed by quality of basic solutions.

Table 3: Buckling load for two plate types under various cases of patch and wheel load

Results Analytical solution ®=0.5
(K=otb?m?D) Plate SSSS Plate CSCS
', P |]c=01}¢c=02]¢c=03|c=04|c=05|¢c=01|¢c=02|c=03 ¢c=04|c=05
0.0 | 87.4985 | 87.4985 | 87.4985 | 87.4985 | 87.4985 | 254.9632 | 254.9632 | 254.9632 | 254.9632 | 254.9632
- 0.1 | 19.4285 | 20.0328 | 20.9511 | 22.1246 | 23.5053 | 51.5589 | 53.7950 | 57.1118 | 61.4004 | 66.4303
? 0.3 | 74809 | 7.7479 | 8.1521 | 8.6661 | 9.2651 | 19.8631 | 20.8441 | 22.2969 | 24.1716 | 26.3092
> 05 | 4.6323 | 4.8026 | 50608 | 53873 | 57672 | 12.3010 | 12.9258 | 13.8504 | 15.0416 | 16.3867
1.0 | 2.3731 | 24624 | 25974 | 2.7685 | 2.9666 | 6.3024 | 6.6295 | 7.1132 | 7.7354 | 8.4319
0.0 | 44.3406 | 44.3406 | 44.3406 | 44.3406 | 44.3406 | 130.0145 | 130.0145 | 130.0145 | 130.0145 | 130.0145
~N 0.1 | 16.2432 | 16.6624 | 17.3026 | 18.1235 | 19.0935 | 43.1666 | 44.7151 | 47.0287 | 50.0249 | 53.5787
? 03 | 6.9557 | 7.1859 | 7.5353 | 7.9811 | 8.5035 | 18.4789 | 19.3245 | 20.5821 | 22.2117 | 24.1015
> 05 | 4.4253 | 45806 | 4.8157 | 5.1150 | 54642 | 11.7557 | 12.3249 | 13.1698 | 14.2620 | 15.5119
1.0 | 23176 | 24027 | 2.5314 | 2.6949 | 2.8847 | 6.1561 6.4678 | 6.9295 | 7.5247 | 8.1965
0.0 | 30.1776 | 30.1776 | 30.1776 | 30.1776 | 30.1776 | 89.1887 | 89.1887 | 89.1887 | 89.1887 | 89.1887
™ 0.1 | 14.0546 | 14.3605 | 14.8299 | 15.4332 | 16.1468 | 37.4865 | 38.6104 | 40.3051 | 42.5073 | 45.1239
i’ 03 | 65241 | 67210 | 7.0253 | 7.4144 | 7.8719 | 17.3564 | 18.0873 | 19.1821 | 20.6058 | 22.2726
> 05 | 4.2454 | 4.3871 | 4.6023 | 4.8765 | 51975 | 11.2905 | 11.8096 | 12.5824 | 13.5845 | 14.7415
1.0 | 22673 | 2.3484 | 24712 | 26273 | 2.8090 | 6.0262 | 6.3230 | 6.7634 | 7.3324 | 7.9786
0.0 | 23.2385 | 23.2385 | 23.2385 | 23.2385 | 23.2385 | 69.3095 | 69.3095 | 69.3095 | 69.3095 | 69.3095
< 0.1 | 12.4882 | 12.7206 | 13.0753 | 13.5391 | 14.0846 | 33.4875 | 34.3413 | 35.6359 | 37.3210 | 39.3245
f 0.3 | 6.1635 | 6.3386 | 6.6054 | 6.9471 | 7.3496 | 16.4495 | 17.0917 | 18.0526 | 19.3029 | 20.7734
> 05 | 4.0910 | 42209 | 4.4182 | 4.6700 | 4.9652 | 10.9009 | 11.3768 | 12.0859 | 13.0060 | 14.0735
1.0 | 22225 | 22999 | 24171 | 25662 | 2.7399 | 59135 | 6.1968 | 6.6172 | 7.1606 | 7.7801
0.0 | 19.1729 | 19.1729 | 19.1729 | 19.1729 | 19.1729 | 57.7698 | 57.7698 | 57.7698 | 57.7698 | 57.7698
0 0.1 | 11.3311 | 11,5135 | 11.7950 | 12.1581 | 12.5883 | 30.5891 | 31.2662 | 32.2923 | 33.6250 | 35.2091
f‘ 0.3 | 5.8699 | 6.0246 | 6.2606 | 6.5627 | 6.9187 | 15.7255 | 16.2968 | 17.1498 | 18.2557 | 19.5552
> 05 | 3.9599 | 4.0795 | 4.2611 | 4.4928 | 4.7647 | 105794 | 11.0195 | 11.6740 | 12.5208 | 13.5033
1.0 | 21834 | 22573 | 23693 | 25117 | 26777 | 55180 | 6.0894 | 6.4917 | 7.0108 | 7.6028
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Results Analytical solution ®=0.5
(K=otb?m?D) Plate SSSS Plate CSCS

% P |¢c=01/¢c=02]c=03|c=04|c=05|c=01|¢c=02]c=03|c=04]|c=05
0.0 | 29.4925 | 29.4925 | 29.4925 | 29.4925 | 29.4925 | 57.3550 | 57.3550 | 57.3550 | 57.3550 | 57.3550
- 0.1 9.9230 | 10.3208 | 10.9536 | 11.8073 | 12.8608 | 19.2635 | 19.8512 | 20.7400 | 21.8947 | 23.2558
? 0.3 | 42640 | 4.4839 | 4.8395 | 53343 | 59727 | 8.2731 8.5933 | 9.0835 | 9.7365 | 10.5283
> 0.5 27154 | 2.8640 | 3.2052 | 3.4437 | 3.8855 | 5.2677 5.4831 58139 | 6.2574 6.7988
1.0 1.4232 | 15048 | 1.6377 | 1.8256 | 2.0731 | 2.7606 2.8785 | 3.0599 | 3.3045 3.6047
0.0 | 15.0502 | 15.0502 | 15.0502 | 15.0502 | 15.0502 | 29.1458 | 29.1458 | 29.1458 | 29.1458 | 29.1458
~ 0.1 7.5009 | 7.7248 | 8.0773 | 85414 | 9.0934 | 14.5368 | 14.8656 | 15.3647 | 16.0028 | 16.7370
? 0.3 3.7444 | 3.0128 | 4.1831 | 4.5535 | 5.0203 | 7.2593 7.5042 | 2.9104 | 8.3741 8.9658
> 0.5 24949 | 26198 | 2.8214 | 3.1013 | 3.4608 | 4.8375 50185 | 52964 | 5.6665 6.1141
1.0 1.3602 | 1.4345 | 1.5553 | 1.7249 | 1.9463 | 2.6377 2.7451 7.8793 | 3.1232 3.4036
0.0 | 10.3563 | 10.3563 | 10.3563 | 10.3563 | 10.3563 | 19.9023 | 19.9023 | 19.9023 | 19.9023 | 19.9023
™ 0.1 6.1201 | 6.2649 | 6.4924 | 6.7887 | 7.1350 | 11.8055 | 12.0140 | 12.3336 | 12.7420 | 13.2074
fl’ 0.3 3.3656 | 3.4994 | 3.7134 | 4.0037 | 4.3638 | 6.5081 6.7006 | 6.9970 | 7.3867 7.8486
> 0.5 2.3209 | 24277 | 2.5997 | 2.8365 | 3.1369 | 4.4921 46458 | 4.8825 | 5.1970 5.5749
1.0 1.3068 | 1.3750 | 1.4855 | 1.6399 | 1.8400 | 2.5315 26297 | 27809 | 2.9837 3.2304
0.0 8.0916 | 8.0916 | 8.0916 | 8.0916 | 8.0916 | 15.3852 | 15.3852 | 15.3852 | 15.3852 | 15.3852

< 0.1 5.2544 | 53575 | 55194 | 57295 | 59732 | 10.0596 | 10.2046 | 10.4284 | 10.7153 | 11.0418
? 0.3 3.0869 | 3.1969 | 3.3725 | 3.6092 | 3.8997 | 5.9413 6.0975 | 6.3386 | 6.6553 7.0290
> 0.5 | 21851 | 2.2781 | 24277 | 2.6326 | 2.8901 | 4.1249 43476 | 4.5524 | 4.8239 5.1490
1.0 12627 | 1.3257 | 1.4277 | 1.5696 | 1.7525 | 2.4412 25314 | 26705 | 2.8568 3.0829

0.0 6.7933 | 6.7933 | 6.7933 | 6.7933 | 6.7933 | 12.7487 | 12.7487 | 12.7487 | 12.7487 | 12.7487

0 0.1 46781 | 4.7570 | 4.8809 | 50414 | 52269 | 8.8672 8.9757 | 9.1435 | 9.3588 9.6039
f 0.3 2.8799 | 29734 | 31223 | 3.3220 | 3.5652 | 5.5063 5.6371 5.8391 6.1035 6.4147
> 05 | 20797 | 21624 | 22952 | 24761 | 2.8019 | 3.9918 41085 | 4.2887 | 4.5269 4.8111
1.0 12269 | 1.2857 | 1.3807 | 1.5125 | 1.6814 | 2.3649 24485 | 25775 | 2.7498 2.9585

In case of simply supported plate (Table 3), ex-
tremely good behavior of analytical model is
confirmed. Maximal discrepancy from numerical
(FEM) solution is less than 0.3%.

On the other side, load action over clamped edge
(Table 3), leads to slightly higher differences (max
0.5%), but still proving good capability of deflec-
tion functions to adequately simulate buckling
shapes even in these specific plate types.

All of these examples are highly demanding in
each aspect of presented analytical approach.
Stress functions have to describe precisely very
complex stress distribution within plate under
patch load and system of concentrated forces,
while deflection functions have to be capable of
providing ideal buckling shape for all load com-
binations (Table 2).

Hence, it has been proved that adopted deflec-
tion functions and defined stress functions, for
the analyzed cases of plates with mixed bound-
ary conditions, subjected to patch and wheel
loads (DEA and DEB) are capable to produce

Journal of Applied Engineering Science 14(2016)1, 357

highly accurate solutions.

Finally, it may be concluded that shown proce-
dure presents rare analytical approach to sta-
bility problems of plates with different boundary
conditions which satisfies very demanding crite-
ria of accuracy and applicability in rather com-
plex cases of external load.
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