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Anisotropic composition of layered composite plates requires more accurate mathematical and cal-
culation models. By applying Reddy’s layerwise theory we can cover a wide range of problems
of layered composite plates with arbitrary arrangement of layers through the plate thickness. The
analytical method of solving bending equations in Layerwise Theory is based on the assumed dis-
placement field in the form of the double trigonometric Fourier’s series. The analytical solution can
be used as a test solution for solutions obtained by using numerical methods, including finite element
method. For Partial Layerwise Theory, the paper presents the equations of bending for laminated
composite plates and the algorithm for calculation of deflections and stresses in an arbitrary cross
section of a simply supported rectangular plate loaded with distributed load. On the basis of the
algorithm presented in this paper, author has prepared Fortran program called ANSLACOP (ANalyti-
cal SOlution of LAminated COmposite Plates), whose structure will be presented in the paper. It is
presented that the solution obtained by using this program very quickly converges depending on the
adopted number of members of double trigonometric series.
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INTRODUCTION

Layered composite plates, with layers carrying
in different directions in the plane plate, wherein
each of the layers contains parallel fibers of a ma-
terial in the basic of the other material that carry
only in one direction, show extremely anisotro-
pic behavior. For more accurate determination of
the stress-strain components it is necessery to
use theories which conduct analysis at the level
of layer or the level of fiber/basic compaund.

Theoretical analysis of the layered composite
plates can be conducted using the Equivalent
Single Layer Theory (ESLT) and the Layerwise
Theory [02],[01],[08].

ESLT treates layered composite plate as static
equivalent to a single layer. Single-classical the-
ories include classical theorie and shear theory
of the first, second and higher order. The sim-
plest ESLT is the Classical Laminated Plate
Theory (CLPT), which is based on the applica-
tion of Kirchoff’'s theory of plates. This theory is
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applied for the calculation of thin homogeneous
plate. For moderatelly thick and thick plates with
a high degree of anisotropy, a solution obtained
by applying this theory is not satisfactory accu-
rate because the calculation does not introduce
deformation caused by shear. The next one-
layer theory is the First-Order Shear Deforma-
tion Theory (FSDT) that resulted from the lim-
ited CLPT. FSDT introduces a constant sliding
across the plate thickness. Higher order shear
theory (Second-Order Plate Theory, Third-Order
Plate Theory) constant shear through the thick-
ness of the plate is replaceing by shear assumed
in the form of higher order polynomial (quadratic,
cubic).

For theoretical analysis of thick and moderate-
ly thick laminated composite plates layerwise
theories are applied including the Generalized
Layerwise Plate Theory (GLPT). In the GLPT
considerations are implemented at the level of
the layer, and depending on the adopted as-
sumptions, the Partial Layerwise Theory and
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Full Layerwise Theory stand out. In the Partial
Layerwise Theory is assumed that componental
displacement perpendicular to the plane of the
plate is constant through the thickness of the
plate, w=const. Follows that it is the componen-
tal displacement of w function two coordinates x
and y. In this theory componental displacements
in the plane plate, u and v, can be obtained by
superpositioning appropriate displacements de-
fined in the medium plane plate, which are a
function of the coordinates in the plane (x, y),
and added displacements defined as the prod-
uct of nodal displacements and one-dimensional
interpolation functions assigned to the function
of coordinate z at the thickness of the plate [01],
[08]. In the Full Layerwise Theory is assumed to
be componental displacements functions of all
three coordinates x, y and z for which the math-
ematical model of this theory is much more com-
plex than a mathematical model defined in the
Partial Layerwise Theory.

Depending on the required accuracy and effi-
ciency in stress deformation analysis of laminat-
ed composite plates the selection of the theory
that will be used is made. If dealing with a thin
layered composite panels it is most economical
to apply ESLT, as for thick and moderately thick
plates, and depending on the required accuracy
and efficiency, Layerwise Theories are recom-
mended.

After assumed displacement field of chosen the-
ory it is necessary to define the connections of
displacements and deformations, and after the
connection of deformations and stresses, de-
pending on the adopted physical and mechani-
cal characteristics of the material, all within the
observed coordinate system (x, y, z). By apply-
ing the principle of virtual displacements the cor-
responding equations of adopted theory are ob-
tained [02], [01].

The equations of the theory can be solved ana-
Iytically or numerically [05]. Analytical solutions
are sought in the form of trigonometric functions
that define the primary variable of the relevant
theory. In addition to closed solutions, numerical
solutions can be obtained by applying numerical
methods, such as finite element method. Numer-
ical solutions of primary variables are obtained
for a pre-defined points of the layered compos-
ite plate in the plane and in the thickness of the
plate depending on the adopted mathematical
model. In the analysis of the accuracy of numeri-
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cal solutions, analytical solutions can be used as
test solutions.

In this paper is presented an algorithm of For-
tran’s program ANLACOP which produces ana-
Iytical solution to equation of the problem of
bending simply supported laminated composite
plates based on the assumptions of the Partial
Layerwise Theory. Also, this paper is presented
an analysis of convergence of results and com-
parison with existing results.

MATEMATICAL MODEL OF THE PARTIAL
LAYERWISE THEORY

Reviews are carried out in the Cartesian coordi-
nate system (X, y, z), assuming that the layered
composite plate comprises layers which are ar-
bitrarily oriented in the plane of the plate (x, y).
Each of the layers contains parallel fibers that
carry only in one direction.

In Partial Layerwise Theory it is assumed that
the componental displacements of the arbitrary
point of layered plate containing N orthotropic
layers, [05]and [06], are defined by:

u(x,y,z)=u(x,y)+U(x,y,2)
v(x,y,2) =v(x,y)+V(x,y,2)
w(x, y,z) = w(x, y)

where u(x,y), v(X,y), w(x,y) are displacements
of the middle plane of the plate, while U(x,y,z),
V(x,y,z) are additional displacements through

the plate thickness defined by following formula-
tions:

U.y.2) =Y oy (2)

(1)

) (2)
V(x,y,z)= ZVJ (x, v’ (2)

In the previous relation u, v/ are the nodal dis-
placements across the plate thickness, Wj(z) are
continuous, general one-dimensional interpola-
tion functions are defined by the thickness of the
plate, and n is number of nodes per plate thick-
ness, Figure 1.

By applying the principle of virtual displacements
the constitutive equations of the theory of bend-
ing of layered plates are formed, [05], [07] and
[06]:

N, +N_, =0
NW +Ny’y =0
Qx,x +Qy,y +q :O

J I _ N =
Nx,x +ny,y Qx - (3)
VL + N, 0] =0
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Figure 1: Displacement through the thickness of the plate

where:
hl/2
(Nx,Ny,ny) = j (Gx,Gy,ny
—h/2

hi2

(0.9,)= | (0..0,.)dz

(N;,Nj,N)iv)= j (Gx,Gy,ny )l//J (z)dz
—h/2
h/2

(0/.0)= [ (0.0, )v.! ds @)
—h/2

(0,,0,0,,0,, 0, )are components of stress vec-

tor, j=1,...,N, while q is the load perpendicular to

the plane of the plate.

The paper adopts a linear interpolation along

the two adjacent layers so the number of nodes

through the thickness n is for one higher than the

number of layers N.

For the j-th orthotropic layer, the connection of

stresses and deformations are given with:

0 = = = 1) )

O, O G, G 0 0 €y
Oy Ql 2 sz Q] s O 0 €,
Oy = Ql 6 st st 0 0 X Yy
o 0 0 0 0, O] |r:|©®
O | 0 0 0 Q45 st i Vs

where Qﬁ’ ) _the plane stress-reduced stiffness-
es of the j-th orthotropic layer.
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When the connections (5) are inserted in the for-
mulas for the intersection forces (4) with respect
of the assumed displacement field (1) and (2)
as well as the known connections of deforma-
tions and displacements, we get the equations
that define the dependence of the force and dis-
placement.

The method for determining the reduced stiffness
of each layer and stiffness coefficient of layered
palates that define the impact of one layer to an-
other , and which are necessary for the calcula-
tion of the forces, are determined in the manner
shown in the paper [03]. The paper argues that,
for the adopted interpolation through the plate
thickness, stiffness of layered plates depend on
the thickness, the mechanical properties of lay-
ers and layers positioning relative to the middle
plane of the plate.

Zktl

4, Z [od: (,j=1,2,6,4,5)

k=1 2

Zk+1

DY =3 [ oy d:

k=1 Z,

(1,7 =1,2,6)

(i,j=4,5)

(1,7 =1,2,6)

N Zktl

B/ =) j 0Py’ dz

k=1 3,

(i,j =4.5)
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ANALYTICAL SOLUTION

For simply supported layered plate dimensions
with N layers which carry in directions of the x
and y axis, material stiffness A A A BJ16,
B, B, D", D" and D", are equal to zero,
equations (6).

The analytical solution to the problem is obtained
on the basis of assumed change of componental
displacements given in the form of double trigo-
nometric series, [09]:

0
u =2an cosaxsin By

m,n

0
v=ZYmn sin ax cos By

m,n

0
W=2Wmn sinaxsin By

m,n
o0
J_ J
U’ =2 R,
m,n

v’ =Y S sinaxcos By

m,n

cosaxsin fy

mmn nr
where: ¢ =—, 8 :T,J:I,...,n
a

o,(t..2)=-3 ([0 (X,,+ YR, ¢ ()43, B (1,

o

while satisfying boundary conditions are:
v=w=V"=N_=N/=0 x=0,a;J=1n
u=w=U" =N, :NyJ =0 y=0,b;J=1n (8)
The load acting perpendicular to the plane of the

plate is shown by trigonometric functions in the
form of a double Furie’ series:

0
= Zan sinaxsin By
m,n

where Q,_
of load.

9)

coefficients that depend on the type

When the relations that represent the connection
of forces and displacements are inserted into the
equations (3) we get a system of equations for
the observed problem. For each Furie’s pair (m,
n) is obtained a system of (3+2n) equations with
the same number of unknown coefficients X |
Yo Lo R, 1S, . When the obtained decisions
are mcluded in the relations (7), we get the val-
ues of unknown displacement.

After determining function of overall displace-
ments, the presumed number of trigonometric
series members (m, n), the components of the
deformation vector, and then the stress vector
components for an arbitrary point of layered
composite plates are being determined:

+Zn:S"
J=1

. o’ (z ))] sin axsin ﬂy}

o,(v.2) =~ (B (X, + R, 0’ (2)+ 0, B(Y,, +isnin<o’(z)>]sinaxsinﬂy} (10)

O_xy(‘x7 Vs Z) = Q66i{[ﬂ

(an + ZRin (DJ
m,n J=1
To determine interlayer stresses in the planes (x,
z)and (y, z) is used approximate, semi-analythic,
calculation process with the assumed parabolic

distribution along each observed layer j [09]:

G (2)=N,(2) £l + N, (2) S+ Ny (2) i

G (2)=N,(2) £, +N,(2) 15, + Ny (2) f7, (11)
where:

z - coordinates of the local coordinate system
the j-th layer of the plate,

£, f 5 /,i=1,2,3 - unknown coefficients that rep-
resent shear stresses 0 and ¢ at the ends and
in the middle of the observed layer,N,(z), N,(z)

and N,(z)- one-dimensional quadratic interpola-
tion function.
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To determine the unknown coefficients f;/,
for each of the shear stresses is necessary to
write 3N equations. These equations are deter-
mined from the following conditions: the shear
stresses in the upper and lower fiber of the layer
has a value of zero, stresses have the same val-
ue on connections of the layers, the condition of
the average values of shear stress for each layer
j is satisfied, and the values obtained from the
constitutuve equation are met.

PROGRAM STRUCTURE

¢’ (2))]cos axsin By}

Schematic representation of ANSLACOP pro-
gram algorithms based on mathematical model
is shown in Figure 2. The program is made up of
sub-programs with the following functions:
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Figure 2: ANSLACOP program algorithm

AN S L A C O P

|
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|
|
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|
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INPUT - The sub-program INPUT is used for the
downloading and preparing of the data neces-
sary for the static analysis of layered composite
simply supported plates. Input data are entered
into the program over a previously formed INP.
dat data file containing the following:

Data group 1: Name of the problem

Data group 2: The number of layers, the
number of nodes through the
thickness of the layered plate
number of nodes in the plane (x,
y) in which

The width and length of the
plate;

Material characteristics of layers
(E-elastic modules, G, shear
modules , v Poisson’s ratio);

Data group 3:

Data group 4:
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Data group 5:
Data group 6:

Angles of layers’ orientation;

NFU, MFU - Number of ele-
ments of double series

Intensity of load and load index;

Coordinates of nodes through
the thickness of the plate;

Data group 7:
Data group 8:

Coordinates of the nodes in-

plane (x, y).
VEK_Q — The sub-program for each layer k down-
loads data relating to the material characteristics
of layers E, (i=1,2), Gij(i,j=1,2,3), vij(i=1,2), as well
as the angles of the layers’ orientation. After that,
for each layer k=1, N the calculation of values Q,,,
Q,,, Q,,, Q,,. Q,, Q is performed as well as trans-

formed material characteristics of layers ,[03].

H_LAYER - The sub-program downloads data
from the input data file relating to the coordinates
of nodes through the thickness of the plate and
calculates the thicknesses of layers. Each layer
may have different thickness.

MAT _A - The sub-program downloads the results
of the sub-program VEK_Q and H_LAYER and
calculates the stiffnesses A, from Eq.(6).

MAT_B — The sub-program downloads the re-
sults of the sub-program VEK_Q and H_LAYER
and calculates the coefficients of stiffnesses B,’
from Eq. (6).

MAT_D — The sub-program downloads the re-
sults of the sub-program VEK_Q and H_LAYER
and calculates the coefficients of stiffnesses D”.IJ
from Eq. (6).

MAT_AA—The sub-program downloads the results of
previous sub-program and calculates the coefficients
of the governing equations according to Eq. (3).

LOAD - The sub-program downloads the data
on the load intensity and the index load (1 or 2)
from the input data file and develops the load to
a double trigonometric series Eq. (9). Load in-
dexes are defined for uniformly and sinusoidal
distributed transverse load.

EQUAT — The sub-program downloads the re-
sults of the previous sub-programs, solves the
system (3+2n) and determines the unknown co-
efficients X _,Y W __R_andS__ foreach pair
(m,n) of the double trigonometric series.

DISPL — The sub-program calculates and sends
in the output data file, OUT.dat, values of dis-
placements according to the Eq. (1) and Eq. (7)
at the points in the plane (x,y) and through the
thickness of the plate.

Data group 9:

Journal of Applied Engineering Science 14(2016)1, 359
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STRESS1 — The sub-program calculates stress-
es in the plane (x, y) according to relations Eq.
(10) and sends the results of the calculation in
the output data file OUT.dat

MAT_AS, FREE_AS1,EQUAT, FREE_AS2,
EQUAT and STRESS2 - The sub-programs cal-
culate the shear stresses 0,, and o, by applying
approximate methods shown in this paper, rela-
tions Egs. (11), with the fulfilment of conditions
specified in the shown procedure. After the cal-
culation, the values of these stresses are sentin
the output data file OUT.dat.

The execution of the program formes the output
file OUT.dat with the values of the displacement
and the stress at predetermined points simply
supported rectangular layered composite plate
that are defined in the input file INP.dat.

w ah=4
b ..
3.05 11
2.9 (mpﬂ)
(0,0) (10,10) (20,20 (30,30)  (40,40)

Figure 3: The dimensionless maximum deflection
(W) versus number of elements of double series
(m,n) for side-to-thickness ratio a’/h=4 and cross-ply
09%90°%/0° laminate

C

CONVERGENCE AND VERIFICATION
OF RESULTS

The convergence of analytical solutions depend-
ing on the number of elements of double series
is shown in the example of changes of dimen-
sionless deflection:

100E,
= w
qohs

w=

in the middle of the three-layer square plate
0°/90°/0° for side-to-thickness ratio a/h=4 and
a/h=10 and with material properties of a ply E./
E,=25, G,,=G ,=0.5E,, G,,=0.2E,, v,,=v,,=0.25,
under uniformly distributed load. It is concluded
that the analytical solution rapidly converges to
the exact solution, Figures 3-4.

1.22% ah =10
1.195—
1.170 \
1.145 \
1.12 \/¥ (m,n)
(0,0 (10,10) (20,20) (30,30) (40,40

Figure 4: The dimensionless maximum deflection
versus number of elements of double series (m,n)
for side-to-thickness ratio a/h=10 and cross-ply
0%90°%0° laminate

Table 1: The dimensionless maximum deflection in simpy supported square laminates 0%/90°%0° under sinu-
soidally distributed transverse load

a/h 10
CLPT 0.4313 0.4313
FSDT 1.9122 0.6949
TSDT 1.9218 0.7125

ANSLACOP 1.9670 0.7402

Table 1 contain value of the dimensionless maxi-
mum deflection for simpy supported square lam-
inates 0990°0° obtained with clasical laminate
plate theory (CLPT) , first-order shear deforma-
tion theory (FSDT), third-order shear deforma-
tion plate theory (TSDT) (Reddy [1], page 612,
table 11.4-1), and presented program ANSLA-
COP under sinusoidally distributed transverse
load versus side-to-thickness ratio a/h.
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CONCLUSION

Analytical solution based on a mathematical
model of Partial Layerwise Theory obtained by
applying the program ANSLACOP converges
very fast depending on the adopted number of
items in the double trigonometric series and is
numerically stable.

The special significance of the presented ana-
lytical solution to the problems of bending of
anisotropic laminated plates reflects in its use as
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-

a test solution for the solutions obtained by us-
ing numerical methods. Bearing in mind that in
the stress-deformation analysis are mainly used
software packages (ANSYS, ABAQUS, etc.)
based on the finite element method this program
can be used as a test solution for the solutions
obtained by using these programs for thick and
moderately thick simply supported layered com-
posite plates loaded to bending.
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