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In this paper Second order theory is derived from deformation method. In given numerical examples 
(1 and 2) it has been shown that for the same values of normal forces in members, for the same 
lengths of the members of the system and for the same modulus of elasticity E, but for the different 
dimensions of cross sections, very different influences are obtained. Calculated values of bending 
moments differ very little, if the cross section of the member system is closer to real value, than 
that of the cross-section of members which are closer to the system stability limit. The greater the 
member rigidity, the smaller the differences in influences and displacements calculated according to 
linearized and accurate Second order theory.  
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INTRODUCTION

First order theory, i.e. linear structural statics, 
such as is used in everyday engineering prac-
tice, is based on three basic assumptions [01]:

Assumption that the strain of ! axis of the 
member and rotation " of the cross section of 
the member, and their derivations are small 
values whose squares and higher powers 
can be neglected. Therefore, this assumption 
considers !<<1 and "<<1. For this reason, it is 
called the assumption of small deformations.
This assumption provides geometrical linear-
ity in solving the tasks of structural statics.

Assumption that the values of displace-
ment of the impact points of external forces 
on the girder and internal forces are small 
in respect to the basic dimensions of the 
girder. For this reason it is called the as-
sumptions of small displacement values of 
impact points of external and internal forces.
This assumption provides static linearity, be-
cause in the equilibrium conditions, the dis-
placements of impact points of the external 
forces on the girder and of the interior forces 

1.

2.

are neglected, that is, the equilibrium condi-
tions are written on the unstrained girder [2].

The assumption of the linear relation between the 
strain and stress, that is, temperature changes.

The assumption provides physical linearity when 
solving the tasks of structural statics, which set 
by the Hooke�s law [02].

Finite deformation theory rejects first two of the 
previously laid down assumptions, and retains 
only the third assumption of the physical linearity 
of the problem.

The second order theory rejects only second 
of the previously mentioned assumptions, and 
retains the first and the third assumption. The 
need not to neglect the displacement of impact 
points, that is, justifiability of writing the equilib-
rium conditions on the strained girder will best be 
observed in the following example.

3.
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Figure: 1 Principle of second order theory
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If we consider the equilibrium of unstrained sim-
ple beam, in Figure 1, force S does not affect the 
values of bending moments in transverse cross 
sections of the beam. However, by considering 
the equilibrium of strained simple beam (second 
order theory), the bending moment in arbitrary 
cross section [3] has the value:

(1)

Where M
c0

 is the bending moment of the simple 
beam loaded only by transverse loads.

Member S!v can have significant value for higher 
axial load S even at small deflections. On the oth-
er hand, the member S!v causes further increase 
of deflection of the simple beam, which propor-
tionately increases the value of moment M

c
.

Therefore, by calculating the simple beam, in 
Figure 1, according to the linear theory, we re-
duce the safety coefficients of the girder.

LINEARIZED SECOND ORDER THEORY 

The system of equations according to the second 
order theory can be linearized, at least accord-
ing to the unknown parameters, starting from the 
assumption that the product of static and strain 
unknown is equal to the product of the same un-
knowns [4], where the static unknown is deter-
mined according to the linear theory:

(2)

In this way, the linearized theory of second order 
is obtained, whose equation system is:

(3.a)

(3.b)

(3.c)

(3.d)

(3.e)

(3.f)

(3.g)

If it is the case of one straight member with set 
limit conditions, then we can determine force H, 
so the problem of nonlinearity is solved. For the 
problems of member systems, determination of 
normal forces cannot be separated from the de-

termination of transversal forces, and in turn, they 
depend on the moments in the adjacent members. 
Therefore, instead of force H force H

0
 is adopted.

According to the second order theory, the sys-
tem equilibrium is established on the strained 
system, which actually happens in reality.

APPLICATION OF THE STRAIN METHOD IN 
THE CALCULATION OF THE SYSTEM OF 
MEMBERS ACCORDING TO THE SECOND 
ORDER THEORY

Basic equations of the strain method

The expression for the member restrained at 
one end is [04]:

(4)

(5)

where:

Apart from the members restrained on both 
ends and one end, in the second order theory 
the concept of elastically restrained consoles is 
introduced. Rotation of the node "

i
 in which such 

member is restrained, changes the restriction 
moment.

The expression for the moment on the end i, of 
the console is, can be written in the form:

(6)

Parameters d
ig
 and e

is
 are calculated of one de-

terminate value of axial force S, due to the lim-
ited validity of the superposition principle.

The rigid restrainment        is:

(7)

Conditional equations for determination of strain 
Indeterminate parameters

With the expression 4 and 5 we defined the mo-
ments of so called ,,g�� type members and ,,s�� type 
console members according to the second order 
theory [3]. The number of strain indeterminate pa-
rameters is equal to m+n, where m is the number 
of unknown rotations of nodes "

i
(i=1,2,�,m), and 

nis the number of degrees of freedom #
j 
(j=1,2,�

,n) of the system grid. The concept angles of node 
rotation whose number is equal to the number of 
groups of rigidly connected members), as well as 
the notion of the system grid were introduced in 
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the approximate strain method according to the 
first order theory. Whereby the number of un-
known displacement parameters !

j
 (j=1,2,�,n) is 

determined by static kinematic considerations in 
the system called the grid of the given girder, and 
it is equal to the number of degrees of freedom of 
displacement of this grid.

(8)

(9)

(10)

(11)

Where the coefficients of the members are func-
tions of the characteristical cross-sections, spans 
and values of axial forces of members, while in 
linear theory, those were constants of the mem-
bers with the constant cross-sections. 

For determination of all strain unknowns, a m-
equation of rotation of nodes with rigid angles 
should be composed, as well as n equation of 
displacement of joint figures.

Conditional equations for determination of strain 
indeterminate parameters

If  in the equations of node rotations which have 
rigid angles, which formally do not differ from the 
equations in linear theory, since the equilibrium of 
moments of all nodes is required, the expression 
for moments on the ends of members are includ-
ed, we will obtain a system of m-equations with 
m+n deformation unknown values "

i
 and !

j
:

(12)

Displacement equations

When writing the equations, we make a require-
ment that the algebraic sum of works of all ex-
ternal forces on each virtual displacement of the 
joint figure is equal to zero, whereby displace-
ment of impact points of external forces must not 
be neglected.

By comparing the basic equations of equilibrium 
of differential element of the member written in 
the second order theory and the linear theory [03], 

we will conclude that the influences according to 
the second order theory can be determined ac-
cording to the linear theory [02], if the considered 
element of the member, is subjected also to the 
action of fictitious distributed moments, apart from 
the given load.

(13)

Linearization of the task is performed by simplifi-
cation according to which the axial force H=H

o 
is 

determined from the linear theory task, or even 
from the figure of joints if it can be even in the pre-
carious equilibrium with the set external forces.

For the value of work of distributed fictitious mo-
ments mf on the displacements !

j
 the following 

is obtained:

(14)

Whereby the + sign should be assumed when N
(o,ab)

 
is negative, provided that in the sum #

ab
 there are 

not console members ne (type s) included.

When in the displacement equations the expres-
sions for the moments on the ends of the mem-
bers are included, as well as the expression for the 
work of distributed moments, then the following 
form of the displacement equation is obtained:

(15)

In equations 14 and 15 the moments on the ends 
of the ,,g�� type members and ,,s�� type members 
expressed by m+n indeterminate (unknown) de-
formation values "

i
 (i=1,2,�,m) and !

j
 (j=1,2,�

,n), are unknown and they will be determined from 
the m+n conditional equations. These conditional 
equations, as opposed to the first order theory, 
should be written now on the strained girder.

By introducing the following designations [06]:

(16)

(17)

(18)
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(19)

(20)

The constant equations, i.e. node rotation equa-
tions and displacement equations finally assume 
the form:

(21)

Member constants d
ig
 and e

is
 as well as the re-

strainment moments       ,        and        (accord-
ingly the parameters A

0i
) in the expressions from 

16 to 20 depend on the normal forces in the gird-
er members, while in the first order theory these 
values did not depend on the normal forces in 
the girder members.

Diagonal elements  A
ij
 of the square matrix A con-

tain the constants e
is
 of the ,,s�� type members, 

which is not the case in the first order theory.

In elements C
jl 
of the matrix C, according to the 

adopted marking, the new terms

are introduced, which do not exist in the first or-
der theory.

Finally, the difference between the first and sec-
ond order theory reflects in the elements C

oj
 of 

the matrix C
oj
, which in the second order theory 

have the following addition

NUMERICAL EXAMPLES

1) Let us calculate the values of the bending mo-
ment on the ends of the members of the given 
system, according to the second order theory, 
if the support 4 is displaced for c

v
=2 cm down-

wards. The values in the members should be 
taken from the grid of the system.

Normal force values 

N
15

=-500 kN    

N
14

=-500 kN      

N
12

=N
23

=0 kN

a) b/h=25/40cm/cm

Figure: 2 Static system

The system is doubly indeterminate in terms of strain 
(!

1
 and "

1
), so the conditional equations are: 

The coefficients along the unknowns in the con-
ditional equation are calculated depending on 
the value #: 

Figure 3: Displacement status !
1
=1
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Figure 4: Figure of nodes

In order to calculate coefficient A
10

 and C
10

 one 
should determine the rotation angles of the sta-
ble figure of joints at displacement c

v,4
= 2,0cm, 

and then find the moments of full restraint. Dis-
placement of nodes and rotation of members of 
the stable joint figure (node figure) are usually 
find applying Villiot�s displacement plan or with 
poles and medium poles.

Conditional equations of the strain method.

Displacement of node 5 is 11,17mm.

Figure 5: Diagram of bending moment

2) For the system given in the example 1 ie. for 
the same load and lengths of the members, let 
us calculate the bending moments in the case of 
various stiffness of all members [01].

Normal forces values

N
15

=-500kN      

N
14

=-500kN      

N
12

=N
23

=0kN

The coefficients along the unknowns in the con-
ditional equation are calculated depending on 
the value !: 

!
14

=1,291 !
15

=0,707 !
12

=!
32

=0

Conditional equations of the strain method.

1,4645EI"
1
-0,650EI#

1
-9,6=0  

"
1
= 14,4596/EI #

1
= 11,1680/EI

-0,650EI"
1
+1,6068EI#

1
-3,84=0

Displacement of node 5 is 21,34mm.

Figure 6: Diagram of bending moment

CONCLUSION

In the previously given numerical examples (1 
and 2), as already know, it has been shown that 
for the same values of normal forces in mem-
bers, for the same lengths of the members of 
the system and for the same modulus of elastic-
ity E, but for the different dimensions of cross 
sections, very different influences are obtained, 
in this case the bending moments at the ends 
of the members and displacement of cantilever 
top. The values of bending moments in the re-
straint (node 3) differ (Fig. 5 and 6) only because 
of different cross-sections (25/40 and 20/20cm) 
for 550%. Along the member 2-3 the diagram 
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of bending moment even changes the operator 
(side of tension) and it differs for 1455%. In case 
there is no displacement of support 4 for 2cm the 
difference in node 1 is 31,93%, and the bending 
moments along the member 2-3 the operator is 
changed. Difference between displacements of 
node 5 in case 1 and in case 2 is 191%.
The greater the member rigidity, the smaller the 
differences in the influences calculated according 
to linearized and accurate Second order theory.
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